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Abstract: M2 branes suspended between adjacent parallel M5 branes lead to light
strings, the ‘M-strings’. In this paper we compute the elliptic genus of M-strings,
twisted by maximally allowed symmetries that preserve 2d (2, 0) supersymmetry. In
a codimension one subspace of parameters this reduces to the elliptic genus of the
(4, 4) supersymmetric An−1 quiver theory in 2d. We contrast the elliptic genus of N
M-strings with the (4, 4) sigma model on the N -fold symmetric product of R4. For
N = 1 they are the same, but for N > 1 they are close, but not identical. Instead
the elliptic genus of (4, 4) N M-strings is the same as the elliptic genus of (4, 0) sigma
models on the N -fold symmetric product of R4, but where the right-moving fermions
couple to a modification of the tangent bundle. This construction arises from a dual
An−1 quiver 6d gauge theory with U(1) gauge groups. Moreover we compute the
elliptic genus of domain walls which separate different numbers of M2 branes on the
two sides of the wall.
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1 Introduction
The SCFTs with the maximal amount of supersymmetry in the highest dimension
are the (2,0) theories in d = 6. Despite the unique status they enjoy, and despite the
fact that they have been instrumental in constructing lower dimensional theories,
they remain among the least understood theories. This is mainly related to the
fact that we do not have a Lagrangian description of these theories. Moreover, if
we go slightly away from the conformal point we get a theory of interacting almost
tensionless strings. Clearly a deeper understanding of these strings is called for.
One goal of the present paper is to take a step in this direction. In particular we
focus on the SCFT arising from N coincident M5 branes, and study the M2 branes
suspended between the M5 branes when we separate them, which leads to strings
on their boundaries. We will call these strings ‘M-strings’, as they involve basic
M-theory ingredients for their definition.
If we consider two parallel M5 branes, and consider one M2 brane suspended
between them clearly the moduli space of the M2 brane is labeled by its transverse
position on the M5 brane it ends on, which is a copy of R4. So at least the IR degrees
of freedom on this string should correspond to the (4, 4) supersymmetric sigma model
on R4. Moreover if we consider n M2 branes stretched between 2 M5 branes, one
would naively expect the IR degrees of freedom to correspond to the choice of n
points on R4, modulo the action of the permutation group on the points, i.e. to a
(4, 4) supersymmetric sigma model on
Symn(R4) = (R4)n/Sn.
This space is singular and one can ask whether the target space is smoothed out
at coincident points. If the target space is smoothed out, as in the Hilbert scheme
of n-points on R4, then this would give us an effective way to compute at least
supersymmetry protected quantities for this theory. However, as argued in a related
context in [1] this is not necessarily the case (not even the B-field on the vanishing
P1’s is turned on as in the orbifold points), and one expects that the relevant theory
should be the one corresponding to the singular target space, which is infinitely far
away from the smoothed out points. This in particular raises the question of whether
at least for BPS quantities one may use the smoothed out target space to perform
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such computations. A surprising result we find is that this is not possible for n > 1.
Instead we find a related sigma model with (4, 0) supersymmetry on the smoothed
out space (the Hilbert scheme of n-points on C2) which has the same elliptic genus as
the suspended M2 branes. The right-moving fermions couple, instead of the tangent
bundle, to a bundle V = E ⊕ E∗ where E is the tautological bundle on the Hilbert
scheme.
From the viewpoint of the M2 brane worldvolume theory, ending on an M5 brane
corresponds to a boundary condition on the theory [2], as is familiar in the context
of D-branes. More generally we will be considering a number NL of M2 branes
suspended on an M5 brane from the left and a number NR of M2 branes suspended
from the right. This can be viewed as a domain wall which separates (NL, NR)
M2 branes. In addition we need to choose a vacuum for each M2 brane, which in
turn is labeled by the partition νL of NL for the left-vacuum and νR of NR for the
right vacuum [3–5] . Thus the theory living on the 2d domain wall is labeled by
DνL νR. One main computational result of this paper is the supersymmetric partition
function of the theory DνL νR on T
2. More precisely we consider the elliptic genus
of this theory, including twisting by maximal allowed symmetries consistent with
(2, 0) supersymmetry as we go around the cycles of T 2. In some limit (turning off
some chemical potentials corresponding to turning off the ‘mass for the adjoint’) this
computation can also be viewed, using a dual type IIB description, as elliptic genus
of AN quiver N = (4, 4) supersymmetric theories in d = 2, which can be computed
using the recent works [6, 7]. We check our computations against these results in
this limit and find agreement.
The main tool we use is the relation between the refined topological string par-
tition function and the degeneracy of BPS states in 5d [8–11], which we apply to
the M5 brane SCFT compactified on S1. Apart from the Kaluza-Klein reduction of
the 6d mode, the suspended M2 branes wrapped around S1 are the only other states
contributing to BPS states, and we are thus able to extract the partition function, or
more precisely the elliptic genus of the strings obtained from suspended M2 branes.
Reversing this, one can recover the full refined topological string partition function
in terms of the elliptic genera of the M-strings. This in turn can be used to compute
the index of M5 branes [12, 13].
The organization of this paper is as follows: In section 2 we review the relation
between M5 brane CFT and N = 2∗ supersymmetric Yang-Mills in 5d, and toric
realization of it. In section 3 we show how to use this setup to compute the partition
function of it on twisted S1×R4 (including modular properties and symmetries) using
refined topological strings as well as the instanton calculus. Moreover we explain the
relation between the partition function for the U(N) case and the BPS degeneracies.
We compute this using two dual 5d theories: one in terms of the N = 2∗ U(N)
theory, and the other in terms of a dual AN−1 quiver theory in 6 dimensions with
U(1)N−1 gauge group. This latter perspective turns out to be particularly important
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for our purposes. In section 4 we contrast some expectations of BPS degeneracies
based on generalities about suspended M2 branes with the actual results we obtain
using the topological strings. We interpret our computations and explain what they
tell us about M-strings, including their relation to elliptic genus of quiver theories.
Furthermore we interpret our results as leading to the partition function of domain
walls separating M2 branes. Moreover we discuss the fact that new additional bound
states between M-strings arise when we compactify the M5 brane theory on the circle,
which cannot be viewed as bound states before compactification. Furthermore, we
show that in a particular limit (where the mass term is turned off) the result agrees
with that of the dual type IIB description involving the elliptic genus of (4, 4) quiver
theories. In section 5 we explain the relation of our results with the computation
of the superconformal index for N coincident M5 branes (i.e. the partition function
on S1 × S5) as well as their partition function on T 2 × S4, which can be viewed
as the partition function of a quantum deformation of AN−1 Toda theories on T
2.
In section 6 we conclude by suggesting some directions for future research. Some
technical aspects of the computations are discussed in appendices A, B, C, and D.
2 Parallel M5 branes on S1 and S1 × S1 and Suspended M2
Branes
In this section we discuss some general aspects of parallel M5 branes including their
twisted compactifications on S1 and S1 × S1. The twisted compactification on S1
leads to a theory with the same IR degrees of freedom as N = 2∗ in 5 dimensions,
where the mass of the adjoint field is given by the twist parameter. The further
compactification on the circle can be used to twist the left-over 4 dimensions of
the M5 brane. We also discuss general aspects of M2 branes suspended between
the parallel M5 branes. Furthermore we discuss various dualities which map this
to related systems, and in particular to compactifications of M-theory on elliptically
fibered geometries, which we will use in the following section to compute the partition
function of M5 branes using the refined topological strings.
2.1 Basics of M-strings
Consider N parallel and coincident M5 branes. This is believed to lead to a (2, 0)
superconformal theory in six dimensions usually called the (2, 0) AN−1 theory. The
choice for the terminology is because the same system is believed to arise when
considering type IIB string theory in the presence of AN−1 singularities. The latter
viewpoint generalizes it to the D and E versions of the (2, 0) theory.
This theory has Osp(2, 6|4) as the superconformal group whose bosonic part is
Spin(2, 6)× Spin(5) ⊂ Osp(2, 6|4) . (2.1)
– 3 –
SpinR(5) is the global R-symmetry group of this theory and is the double cover of
SO(5) which is the rotation group of the space transverse to the M5 branes.
On the worldvolume of a single M5 brane we have the tensor multiplet of the
(2, 0) theory which consists of:
• an antisymmetric 2-formB such that its field strengthH = dB is self-dual, ⋆H = H
• four symplectic Majorana-Weyl fermions in the (4, 4) of Spin(1, 5)× SpinR(5)
• five scalar fields giving the transverse fluctuations of the M5 brane.
If we compactify the six dimensional (2, 0) theory described above on a circle
it gives a theory with 16 real supercharges in five dimensions, the N = 2 Super
Yang-Mills in five dimensions. Since we will be discussing the M2 branes suspended
between M5 branes let us fix the worldvolume and the transverse directions of the
M5/M2 branes. We denote the coordinates of R1,10 as XI , I = 0, 1, 2, · · ·10, then
The worldvolume of coincident M5 branes has coordinates
X0, X1, X2, X3, X4, X5
The space transverse to the coincident M5 brane worldvolume is R5 and is acted upon
by the R-symmetry group SpinR(5). We can pick a direction in R
5 and separate the
coincident M5 branes along this direction. We choose the X6 coordinate to separate
the branes. This breaks the global SpinR(5) symmetry to SpinR(4) acting on the
coordinates X7, X8, X9, X10. It is important to note that SpinR(4) does not act on
the M5 brane worldvolume coordinates. For later convenience we denote the position
of the M5 branes in the X6 direction as ai, i = 1, 2, · · · , N .
We can now introduce M2 branes ending on M5 branes with the boundary of the
M2 brane inside the M5 brane coupling to the 2-form B. We can introduce multiple
M2 branes for each pair of M5 branes extending in the X6 direction. We consider
the worldvolume of M2 branes such that
The worldvolume of an M2 brane suspended between (i, j) M5 branes
X0, X1, X6 with ai ≤ X6 ≤ aj
The boundary of the M2 brane given by the coordinates (X0, X1) is a string inside
the M5 brane, which we call the M-string. The presence of this string breaks the M5
brane worldvolume Lorentz group Spin(1, 5) to Spin(1, 1)×Spin(4), where Spin(1, 1)
is the Lorentz group on the string and Spin(4) acts on the space transverse to the
string inside the M5 brane.
From our choice of the worldvolume coordinates of the M5/M2 branes and the
string it is easy to see that the supersymmetries preserved by the string are given by
Γ016ǫ = ǫ , Γ012345ǫ = ǫ , (2.2)
where ǫ is the 32-component spinor, ΓI1I2···Ik = ΓI1ΓI2 · · ·ΓIk and ΓI are the 32× 32
eleven dimensional Gamma matrices. Since in eleven dimensions Γ0Γ1Γ2 · · ·Γ10 = 1
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the above two conditions imply that
Γ2345ǫ = Γ01ǫ , Γ789(10)ǫ = Γ01ǫ . (2.3)
Hence the chirality under Spin(1, 1), chirality under SpinR(4) and chirality under
Spin(4) ⊂ Spin(1, 5) of the preserved supersymmetries on the string are the same.
Since the M2/M5 brane configuration breaks 1
4
of the 32 supersymmetries therefore
on the string world sheet we have a (p, q) supersymmetric theory with p + q =
8. By taking a specific form of the eleven dimensional Gamma matrices it is easy
to show that the theory on the string has (4, 4) supersymmetry. It then follows
from Eq.(2.3) that preserved supercharges Qα˙ a˙
− 1
2
and Qαa
+ 1
2
where α, α˙ = 1, 2 denote
the chiral/antichiral spinor of SpinR(4) and a, a˙ = 1, 2 denote the chiral/anti-chiral
spinor of Spin(4) ⊂ Spin(1, 5) are in the representation,
(2, 1, 2, 1)+ 1
2
⊕ (1, 2, 1, 2)− 1
2
(2.4)
of Spin(4) × SpinR(4) × Spin(1, 1). The ±12 denote the chirality with respect to
Spin(1, 1).
The above supercharges can be organized in terms of representations of Spin(8) ⊃
Spin(4)×SpinR(4) as well and it will be useful for later purposes to do so. Consider
a number of coincident M2 branes in R1,10 with worldvolume along X0, X1 and X6.
Then the transverse space is R8 and the global symmetry of the theory on the M2
branes is given by Spin(8). Now introducing M5 branes, separated along X6 as be-
fore and M2 branes ending on them, breaks Spin(8) to Spin(4)× SpinR(4). Notice
that the preserved supercharges form a positive chirality spinor of Spin(8), i.e. they
are in 8s. The chirality for Spin(8) is determined by Γ9 ≡ Γ2Γ3Γ4Γ5Γ7Γ8Γ9Γ10 and
therefore it follows from Eq.(2.3) that
Γ9ǫ = (Γ
01)2ǫ = ǫ, (2.5)
and hence preserved supersymmetries form a positive chirality spinor of Spin(8). If
we denote by α1 = e1 − e2, α2 = e2 − e3, α3 = e3 − e4 and α4 = e3 + e4 the simple
roots of Spin(8) then the (4, 4) supercharges are in 8s with highest weight vector
1
e1 + e2 + e3 + e4
2
.
The weight vectors for the (4, 4) supercharges are given by
(1,2,1,2)
−12
:
e1+e2+e3+e4
2
,
e1+e2−e3−e4
2
,
−e1−e2+e3+e4
2
,
−e1−e2−e3−e4
2
(2.6)
(2,1,2,1)
+12
:
e1−e2+e3−e4
2
,
e1−e2−e3+e4
2
,
−e1+e2−e3+e4
2
,
−e1+e2+e3−e4
2
.
1The Spin(4)×Spin(4)R subgroup of Spin(8) mentioned above corresponds to the simple roots
{e1 − e2, e1 + e2, e3 − e4, e3 + e4} .
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2.2 Compactification on S1
Next, consider compactifying the M5 branes on a circle. Recall that
The worldvolume of M5 branes has coordinates
X0, X1, X2, X3, X4, X5
and that the M5 branes are separated in the X6 direction. Now consider compacti-
fying X1 to a circle of radius R1. More generally we can introduce a partial breaking
of the supersymmetry by making the R4 transverse to the M5 branes fibered over S1.
We will denote this R4 spanned by (X7, X8, X9, X10) by R4⊥. In particular identify-
ing R4⊥ ≃ C2 with coordinates (w1, w2) and consider a rotation of the two complex
planes as we go around the circle:
U(1)m : (w1, w2)→ (e2πim w1, e−2πimw2) . (2.7)
The resulting theory in 5d is a mass deformation of the maximally supersymmetric
Yang-Mills theory, by addition of a mass term to the adjoint, which we have infor-
mally called the ‘N = 2∗ theory in 5d’ (borrowing the terminology from the more
familiar 4d case). The radius R1 of the S
1 is identified with the gauge coupling of
the Yang-Mills theory as follows
R1 =
g2YM
4π2
. (2.8)
The 5d theory has charged particles in its spectrum which carry instanton number
which is identified with the momentum around the S1:
k
R1
= − 1
8g2YM
∫
d4x tr(F ∧ F ), (2.9)
From the point of view of the six-dimensional theory these particles arise as M-strings
wrapped around the S1. If we consider l M-strings wrapped around S1 and carrying
a momentum of k units along S1 its BPS mass is given by
M = lR1δij +
k
R1
, k, l ∈ Z, (2.10)
where δij is the separation between the M5 branes which gives the tension of the
M-string stretched between i and j M5 branes.
We can also ask how the twisting by m around S1 affects the theory as seen
by the M-string wrapped around S1. The U(1)m is embedded in the SU(2)L of
SpinR(4) ⊂ Spin(8) of the M2 brane theory. It is easy to see that this choice of
the U(1)m leaves the negative chirality supercharges of Eq.(2.6) invariant but not
the positive chirality ones. Hence the resulting theory has broken the (4, 4) 7→ (4, 0)
supersymmetric theory on the worldsheet in the X0, X1 directions.
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As already mentioned we can view the 6d theory as coming from type IIB theory
with an AN−1 singularity. Compactifying this on a circle and using the duality
between M-theory and type IIB we can view this as compactification of M-theory on
a threefold with geometry T 2 × AN−1. The duality between type IIB and M-theory
identifies the Ka¨hler class tMe of T
2 with
tMe =
1
R1
.
Moreover the twisting by the mass parameter can be viewed as blowing up P1 [10].
This is the geometric analog of giving mass to the adjoint field in the brane construc-
tion [14]. The blow up parameter tMm is identified with
tMm =
m
R1
.
The geometry of the blow-up is a local Calabi-Yau and is given by the periodic toric
diagram [10, 15] in Fig. 1 where we have specialized to the case of the U(2) theory
which corresponds to two M5 branes. There is a dual description of the same system
[16] in terms of the (p, q) web of 5-branes [17]. The picture is the same as the one of
the toric diagram, only one has to associate the toric legs with branes of type IIB as
is shown in Fig. 1.
In the massless case, where one has the maximally supersymmetric gauge theory,
the NS5 brane is extended along an R6 subspace of R10 while the D5 branes have
the geometry R5 × S1 and intersect the NS5 branes transversally such that they
have five dimensions in common. Then the gauge theory is living on the intersection
and its rank is specified by the number of D5 branes. Note furthermore, that the
compactified direction of the D5 branes is perpendicular to the NS5 brane. The
gauge theory is then living on the intersection of these branes. Now let us deform
the theory by introducing mass as shown in Fig. 1. To simplify matters we will
take the gauge group to be U(2) for the moment. In this case the Calabi-Yau is the
canonical bundle over a surface D which is an elliptic fibration over P1, that is locally
we have D ∼= T 2×P1f . The torus arises from the compactified direction of the brane
system with size tMe and the size of the P
1
f is the Coulomb branch parameter of the
gauge theory of size tMf that is the separation of the D5-branes in the brane-picture.
This is related to the separation between the M5 branes (which is proportional to
the tension δ of the M2 brane string) times R1:
tMf = R1 · δ
Moreover, there is yet a third Ka¨hler class coming from a singular elliptic fibre over
the discriminant locus. The singular fibre is a degeneration of the T 2 into two spheres
and thus adds another Ka¨hler class corresponding to the size of one of the P1’s. This
size determines the mass of the adjoint hypermultiplet in five dimensions, i.e. it is
identified with tMm .
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Figure 1: The brane and toric geometry. The red line marks mean to identify the
toric legs or branes with each other and therefore describe a compactified direction
which is associated to the gauge coupling τ in the gauge theory. The length of the
(1, 1) branes is associated to the mass of the N = 2∗ theory. Last but not least the
separation of the branes maps to the Coulomb branch parameter tf of the gauge
theory.
2.3 Compactification on S1 × S1
We can also consider a further compactification on another S1 which we take to be
the X0 direction. In trying to connect this geometry to topological string [8–10, 18]
or Ω-background [19] we fiber the space-time R4 over this circle. In other words we
twist the R4×R4⊥ by the action of U(1)×U(1) as we go around the circle in the X0
direction:
U(1)ǫ1 × U(1)ǫ2 : (z1, z2) 7→ (e2πi ǫ1 z1, e2πi ǫ2 z2) , (2.11)
: (w1, w2) 7→ (e−
ǫ1+ǫ2
2 w1, e
−
ǫ1+ǫ2
2 w2)
Note that in the unrefined case where ǫ1 + ǫ2 = 0 to preserve the symmetry we do
not need to rotate R4⊥.
Again we can ask what the suspended M2 brane theory sees if it is wrapped
around the X0, X1 directions. The M2 branes as well as the M5 branes will then be
all at a fixed point in R4⊥ and the M5 branes are extended along T
2×R4. Furthermore,
the M2 branes will intersect the M5 branes along T 2 and appear point-like in R4.
This configuration is shown schematically in Fig. 2. As these points can be separated
– 8 –
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Figure 2: The system of M2 and M5 branes. The M5 branes are depicted in yellow
whereas the M2 brane is blue. They intersect at the torus T 2 which is depicted in
green.
in R4 it is natural to conceive that the effective worldvolume theory of n M2 branes
admits a description in terms of the Hilbert scheme on n points on R4 as will be
described in detail in section 4.1.4.
The Spin(8) weight vector corresponding to the U(1)ǫ1 ×U(1)ǫ2 is (ǫ1e1+ ǫ2e2−
ǫ1+ǫ2
2
(e3 + e4)). For the unrefined case corresponding to ǫ1 + ǫ2 = 0 the above
action leaves the (4, 0) supercharges invariant. However, for ǫ1 + ǫ2 6= 0 it breaks
(4, 0) 7→ (2, 0) with surviving supercharges corresponding to the Spin(8) weights
– 9 –
given by Eq.(2.6),
± e1 + e2 + e3 + e4
2
. (2.12)
In general we will be interested in the compactification on a generic torus T 2 with
complex structure τ . In the case where the torus is rectangular τ can be identified
as the ratio of the radii of the circle from six to five and the one from five to four as
follows,
τ = i
R0
R1
. (2.13)
Upon further compactification to four dimensions the Ka¨hler parameters get
complexified in the type IIA setup. Moreover all the Ka¨hler parameters of M-theory
get rescaled by a factor of R0 as we go to the type IIA description,
tMi → tIIi = iR0tMi .
These are the parameters we will be using, and in particular we get Ka¨hler parameters
which can be identified with the gauge theory parameters as follows
VolC(T
2) = τ, Qτ = e
2πiτ ,
VolC(P
1
f ) = tf , Qf = e
2πi tf ,
VolC(P
1
m) = tm = mτ, Qm = e
2πitm . (2.14)
Thus from the viewpoint of the original M5 branes, we have compactified on a
torus with complex structure τ , where the A-cycle of T 2 is twisted by m and the
B-cycle of the torus is twisted by (ǫ1, ǫ2). Since we would be ultimately interested
in computing the elliptic genus of the M2 branes stretched between the M5 branes
and wrapped on T 2 and the twistings can be viewed as coupling to U(1) background
fields, the dependence of the amplitudes for each of the twistings will appear in the
combination:
z = θB + τθA
where (θA, θB) denote the twist parameters around the two cycles. Thus for the mass
term we have
(θA, θB) = (m, 0)
which is equivalent to
(θA, θB) = (0, mτ) = (0, tm)
and for the ǫi we have the twists
(θA, θB) = (0, ǫi)
This suggests that we can think of all the twistings to be around the B-cycle as long
as we use our type IIA parameterization of tm. For simplicity of notation later in this
– 10 –
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Figure 3: The torus T 2 and its cycles. In (a), the rectangular torus is depicted.
While going around the circle with radius R1 one twists with the mass rotation, and
along the circle R0 one introduces the ǫi rotations. In (b), the same geometry is
depicted where we use the holomorphy of the result to move the twisting along the
A-cycle by m to twisting around the B-cycle by tm.
paper we replace tm with m, when we discuss partition functions. We summarise the
geometry of the torus T 2 and its relation to the parameters of the gauge theory in
Fig. 3.
Let us now come to the identification of states. From the discussion preceding
Eq.(2.10) it is clear that self-dual string solutions which wrap the whole T 2 appear
as instanton solutions in the four dimensional gauge theory. There will be also
magnetically charged states (which shall be not of relevance here and which we only
include for the purpose of completeness of the discussion) which arise from the string
which does not wrap the first S1. Electric-magnetic duality of the 4d N = 4 theory
then corresponds to SL(2,Z) transformations of the T 2. A string which wraps the T 2
l times and has Kaluza-Klein momentum k then gives rise to a BPS degeneracy which
can be counted with the topological string on the elliptic Calabi-Yau. Furthermore,
such strings can have non-trivial charge qm under the rotation induced by m. Their
degeneracies d(l, k, qm) appear in the free energy of the topological string in the form
d(l, k, qm)Q
k
τQ
l
fQ
qm
m . (2.15)
The task of the following sections will be to compute these degeneracies in the pres-
ence of the ǫi rotations and obtain a closed formula for it in terms of the refined topo-
logical string partition function. More precisely, the partition function of M-theory
in this background is by definition the partition function of the refined topological
string on the corresponding Calabi-Yau threefold:
ZM−theory((R4⊥ × R4)⋉ T 2ǫ1,ǫ2,m︸ ︷︷ ︸
NM5tif
×R) = Zrefinedtop (ǫ1, ǫ2)(CYN,m,ti
f
) (2.16)
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Moreover the degeneracy of BPS states is known to be computed by the topo-
logical vertex and its refinement [8–11, 15], which in this case, as we will discuss in
section 4, consists mainly of the suspended M2 branes wrapped on T 2. We thus use
this correspondence to compute the twisted elliptic genus of suspended M2 branes.
2.3.1 Special values of parameters
As already discussed, for generic values of m, ǫ1, ǫ2 the suspended M2 branes lead
to a (2, 0) supersymmetric system on T 2. We can ask whether there are any special
values of these parameters and in particular what happens to supersymmetry on the
M-strings at these special values.
As already noted, in the unrefined limit where ǫ1+ǫ2 = 0 the supersymmetry gets
enhanced to (4, 0). We can also ask if there are special values of m. For m = ± ǫ1−ǫ2
2
there is supersymmetry enhancement to (2, 2). The Spin(8) holonomy is
(ǫ1, ǫ2,−ǫ1,−ǫ2), (2.17)
(up to the permutation of the last two factors) and the preserved charges are given
by,
m =
ǫ1 − ǫ2
2
: ± e1 + e2 + e3 + e4
2
, ± e1 − e2 − e3 + e4
2
,
m = −ǫ1 − ǫ2
2
: ± e1 + e2 + e3 + e4
2
, ± e1 − e2 + e3 − e4
2
. (2.18)
The consequence of this enhancement is that the elliptic genus of suspended M2
branes should be a constant independent of the moduli τ of T 2. There is also another
limit in which the partition function simplifies and a different set of BPS states
contribute. This limit is given by m 7→ ± ǫ1+ǫ2
2
. In this case the supersymmetry is
still (2, 0) so a priori nothing should have simplified, except that the center of mass
degree of freedom of the string acquires additional zero modes. This is because in
this case the holonomy becomes
m =
ǫ1 + ǫ2
2
: (ǫ1, ǫ2, 0,−(ǫ1 + ǫ2)) , (2.19)
m = −ǫ1 + ǫ2
2
: (ǫ1, ǫ2,−(ǫ1 + ǫ2), 0) ,
and a single M2 brane acquires a fermionic zero mode, due to the 0 direction in
the holonomy twist (as we will review below in more detail). We can modify the
computation of the elliptic genus in this limit to get a non-zero answer by computing
instead a modified index
Tr
(
(−1)FFL qL0 q¯L¯0
)
, (2.20)
to absorb the zero mode from this single fermion zero mode and obtain a non-trivial
answer even in this limit. This is somewhat similar to what one sees in the context
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of topologically twisted N = 4 Yang-Mills in 4d [20] where the U(N) theory gives a
vanishing partition function due to fermionic zero modes, but stripping off the U(1)
leads to a non-vanishing partition function for SU(N) theories.
To summarize, the M-strings enjoy a (4, 4) supersymmetry. If we turn on generic
m, ǫ1, ǫ2 on T
2 the supersymmetry is broken to (2, 0) and we would be computing a
non-trivial elliptic genus. If ǫ1 + ǫ2 = 0 we have (4, 0) supersymmetry. If we tune
m = ±(ǫ1 − ǫ2)/2 the supersymmetry is enhanced to (2, 2) and the elliptic genus
becomes a constant. If m = ±(ǫ1 + ǫ2)/2 the supersymmetry is still (2, 0) but the
partition function vanishes due to a fermionic zero mode associated to the ‘center of
mass mode’. The fermionic zero mode can be eliminated in this case by insertion of
suitable operators leading to a non-trivial function of τ . We summarise our discussion
in the following table.
Values SUSY
ǫi = 0, m = 0 (4, 4)
ǫ1 + ǫ2 = 0 (4, 0)
m = ± ǫ1−ǫ2
2
(2, 2)
m = ± ǫ1+ǫ2
2
(2, 0)∗
m 6= 0, ǫi 6= 0 (2, 0)
Table 1: Enhanced symmetry configurations. The case (2, 0)∗ is a configuration with
(2, 0) supersymmetry but an extra fermionic zero mode which leads to the vanishing
of the U(1) part of the elliptic genus.
2.4 Quiver realization of the suspended M2 branes
There is a dual description of this system [21] which generalizes it to D and E
superconformal theories2. This corresponds to type IIB theory in the presence of
ADE singularity. The duality between the A-series and M5 branes follows from the
fact that AN−1 singularities in type IIB is dual to N NS5 branes for type IIA strings
[22]. By lifting the NS5 branes to M-theory we see that this is equivalent to N M5
branes where one of the five transverse directions to the 5-brane is compactified on
S1. Therefore, when we consider separated branes, the rotation symmetry is reduced
from SO(5)R → SO(3). Thus this realization has the slight disadvantage that not all
2There is another dual description given by M5 brane wrapped on P1 × T 2 [23]. The tension of
the string in this case is given by the size of the P1. This description can also be generalized to
ADE case by wrapping M5 brane on a chain of P1 × T 2 where the chain of P1’s is given by the
Dynkin diagram of the ADE group. The (1, 0) tensionless string obtained by M5 brane wrapping
1
2K3 is dual to M2 branes ending on M5 branes in the presence of the “end of the world” M9 branes.
It would be interesting to see if the techniques of this paper can be applied to this case.
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the symmetries are manifest. In particular we cannot twist by the mass parameter
as we go down on the circle from 6 to 5 dimensions.
The ADE singularity is given by C2/Γ where Γ ⊂ SU(2) is one of the discrete
subgroups of SU(2), which are in one to one correspondence with the ADE Dynkin
diagrams, for which C2 is the two dimensional representation. The singularity C2/Γ
can be resolved to XΓ = C˜2/Γ. The resolution XΓ is such that H2(XΓ,Z) generated
by 2-cycles, which are topologically P1, can be identified with the root lattice of ADE
Lie algebra corresponding to Γ such that the intersection number of the 2-cycles is
given by the inner product on the root lattice which is determined by the Cartan
matrix Aij, i.e. there exists a basis {C1, C2, · · · , Cr} of H2(XΓ,Z) such that
Ci · Cj = −Aij . (2.21)
As we blow down these 2-cycles to zero size we get back the singular space C2/Γ.
Consider type IIB strings propagating on R1,5 ×XΓ and let ti = µi/gs, where µi
is the size of blown up 2-cycles. The conformal limit is achieved by taking ti → 0.
For ΓN =
{(
e
2πi
N 0
0 e−
2πi
N
)
| i = 1, · · · , N − 1
}
the corresponding Dynkin diagram
is that of AN−1 and the corresponding type IIB theory in the conformal limit gives
the (2, 0) superconformal theory of N coincident M5 branes. Moving away from the
conformal point by turning on ti corresponds to the separation of the M5 branes
along a linear direction as discussed before.
The emergence of conformal theory is signalled by the appearance of tensionless
strings. In the M-theory setup this arises by M2 branes ending on M5 branes, and the
tension of the resulting string is proportional to the separation of the corresponding
M5 branes. Thus each pair of M5 branes leads to a string which become tensionless in
the conformal limit. Similarly in the type IIB the strings arise by wrapping D3-branes
over holomorphic 2-cycles C of the blown-up geometry XΓ. Since holomorphic curves
satisfy C2 = 2g−2, where g is the genus of the curve C, and the inner product C2 is
given by minus the Cartan matrix it follows that the only holomorphic curves in the
geometry are 2-spheres C with C2 = −2, i.e. they are in one to one correspondence
with the positive roots of AN−1. The tension of a string coming from D3 brane
wrapped on
∑
i niCi is given by
∑
i niti hence giving rise to strings with tensions ti
for each 2-sphere Ci. Unwrapped D1 branes can also be considered and they would
correspond to M2 branes winding along a compactified circle transverse to the M5
brane.
The theory describing M-strings, when they have finite tension, can be deduced
using the quiver description [24]. This in particular leads to the affine ADE quiver. If
we are interested in the local behaviour of the 6 dimensional CFT, we will be mostly
interested in the limit where the transverse circle to the M5 brane is infinitely large
where we would be ignoring the D1 brane. One could also consider the opposite limit
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where the transverse circle shrinks and consider the little string theory [25, 26], where
the considerations of this paper will still apply. If we ignore the D1 brane charge, this
corresponds to deleting the affine root from the quiver and gives rise to the ordinary
ADE quiver. This theory is equivalent to the reduction to two dimensions of the
familiar N = 2 ADE quiver theory in four dimensions. In two dimensions this leads
to a (4, 4) supersymmetric quiver theory.
Note however that, as already noted, not all the symmetries of the M5 branes
are realized in this setup. This also impacts the symmetries that the M-string sees.
In particular the symmetries of the 2d quiver theory (i.e. that of the (4, 4) quiver
theory) are given by
Spin(4)× SU(2)
where SU(2) = Spin(3) ⊂ Spin(4)R = SU(2)L × SU(2)R where SU(2) is diagonally
embedded in the two SU(2)’s. The Cartan of this SU(2) can be identified with the
rotation of the normal line bundle on the blown up P1’s. As already noted we cannot
realize the twisting by m in this setup. This particular Cartan can be viewed as
being in the e3(or e4) direction of Spin(8) holonomy. Thus in the setup of the most
general twisting discussed in the previous section, we see that we are in the limit
where m = (ǫ1 + ǫ2)/2. Thus a 2-parameter subspace of the 3-parameter elliptic
genus should be computable using the elliptic genus of N = 4 ADE quiver theories.
Of course, as noted before, we would need to get rid of U(1) zero modes. In the D
and E cases this gives a new way to compute the BPS degeneracies, which is not so
simple in the geometric setup.
For concreteness let us focus on the AN−1 case. Let Ni D3 branes wrap the cycle
Ci, which correspond to the simple roots forming a basis of positive root lattice of
AN−1. Then this theory has gauge group
G =
N−1∏
i=1
U(Ni), (2.22)
with bi-fundamental matter between adjacent gauge factors. From the perspective
of M-theory, this should be identified with the theory living on a collection of Ni
M-strings. For simplicity let us consider the case of the A1 theory. This corresponds
to having two M5 branes with N1 M2 branes between them. The (4, 4) theory in this
case corresponds to the pure U(N1) gauge theory [1]. This theory has a Coulomb
branch which at least far away from the origin of the Coulomb branch gives rise to
the sigma model on SymN1R4, i.e. the N1-fold symmetric product of R
4. These N1
points in R4 can be identified as the end points of the transverse R4 to the M2 brane
in the M5 brane. This also follows from the fact that broken supercharges Qα˙
+ 1
2
a˙
and Qα
− 1
2
a
give rise to four left moving bosons ∂+x
aa˙ and four right moving bosons
∂−x
aa˙ where xaa˙ = Xµγaa˙µ such that µ = 2, 3, 4, 5 and γµ are the Spin(4) gamma
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matrices. Modulo the resolution of the singularities when the points coincide, this
can also be viewed as the Hilbert scheme of N1 points on R
4. What is the status
of the theory when the points coincide is of course critical to the formation of BPS
bound states, and therefore the above heuristic picture for N1 > 1 is not guaranteed
to be correct. In fact we will find later that our computation suggests that this
picture is not accurate.
3 Topological partition function of M5 branes
The N = 2∗ SU(N) gauge theories can be geometrically engineered using elliptic
Calabi-Yau threefolds. These elliptic Calabi-Yau threefolds, which we will denote by
XN , are given by a deformation of the AN−1 fibration over T
2. The geometry of XN
is captured by the toric diagram shown in Fig. 4.
Figure 4: The toric diagram of elliptic Calabi-Yau threefold XN .
The gauge theory partition function can be obtained either from Nekrasov’s in-
stanton calculus or by calculating the topological string partition function of XN .
The topological string partition function can be calculated using the refined topolog-
ical vertex formalism [11]. The refined topological vertex has a preferred direction
which breaks the cyclic symmetry of the topological vertex. For a given toric dia-
gram that engineers a gauge theory we need to pick an orientation for the preferred
direction. It was argued that the total amplitude is independent of the choice [27]
although the form of the amplitude could have a significantly different looking form3.
The choice is not necessarily arbitrary and has, as we will see later, important physi-
cal meaning. The preferred direction usually determines the instanton directions. In
other words, according to the gluing algorithm of the topological vertex we perform
sums of Young diagrams along each internal edge in the toric diagram. All of these
sums can be explicitly performed except the ones along the preferred directions. The
preferred direction is generally chosen such that the left-over sums match with the
instanton expansion of the corresponding gauge theory.
3In a number of non-trivial examples this invariance is shown for high degrees of the curves and
is used as a new way to derive identities involving Macdonald polynomials [28].
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From Fig. 4 it is clear that there are two choices for the preferred direction. One
choice of preferred direction is along the vertical which is compactified on a circle
and the other choice is along the horizontal. We will calculate the partition function
for both these cases.
Before we begin calculating the partition functions we would like to explain
our notation which will appear in later sections. We will denote by Greek letters
λ, µ, ν partitions of natural numbers. An empty partition will be denoted by ∅.
A non-empty partition λ is a set of non-negative integers such that λ1 ≥ λ2 ≥
λ3 ≥ . . . ≥ λℓ(λ) > 0. The number of parts of the partition λ will be denoted by
ℓ(λ). We will denote by λt the transpose of the partition λ. λt is also a partition
such that λti = number of parts of λ which are greater than i− 1. For example, if
λ = {4, 2, 2, 1} then λt = {4, 3, 1, 1}. The following are few functions on the set of
partitions which will be of use later,
|λ| :=
ℓ(λ)∑
i=1
λi , ‖λ‖2 :=
ℓ(λ)∑
i=1
λ2i , ‖λt‖2 =
ℓ(λt)∑
i=1
(λti)
2 . (3.1)
As is well known the partition λ has a two dimensional representation called the
Young diagram. A Young diagram corresponding to the partition λ is obtained by
placing a box in the first quadrant with upper left hand coordinate (i, j) for each
(i, j) ∈ {(i, j) | i = 1, . . . , ℓ(λ); j = 1, . . . , λi}. Thus the number of boxes in the ith
column of the Young diagram give λi. We will not distinguish between the partition
and its Young diagram so that (i, j) ∈ λ makes sense and means the box in the
Young diagram with coordinates (i, j).
To calculate the topological string partition function we will use the refined
topological vertex which is given by
Cλµ ν(t, q) = t
− ‖µ
t‖2
2 q
‖µ‖2+‖ν‖2
2 Z˜ν(t, q)
∑
η
(q
t
) |η|+|λ|−|µ|
2
sλt/η(t
−ρ q−ν) sµ/η(t
−νt q−ρ) ,
(3.2)
where ρ = {−1
2
,−3
2
,−5
2
, · · · }, sν(x1, x2, · · · ) is the Schur function labelled by a par-
tition ν, and
Z˜ν(t, q) =
∏
(i,j)∈ν
(
1− qνi−j tνtj−i+1
)−1
. (3.3)
We will also calculate gauge theory partition functions using equivariant instan-
ton calculus where the torus action on C2 is given by (z1, z2) 7→ (e2πiǫ1 z1, e2πiǫ2 z2).
The topological string parameters q and t are related to the gauge theory parameters
ǫ1 and ǫ2 as
q = e2πiǫ1 , t = e−2πiǫ2 . (3.4)
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3.1 Case 1: Preferred direction along the compactified circle
Let us consider the case of SU(2) in detail and then we will generalize this to SU(N).
The toric diagram for the SU(2) case is shown in Fig. 5 below. The vertical lines in
the toric diagram are glued and the preferred direction is along the vertical.
Figure 5: Toric diagram of the geometry giving rise to SU(2) N = 2∗ theory. The
preferred direction is taken to be vertical.
The refined topological string partition function in terms of the refined vertex
Cλµ ν(t, q) is given by,
Z(2) =
∑
λµσ ν1 ν2
(−Qˆ)|ν1|+|ν2|(−Qm)|σ|+|µ|(−Q)|λ|Cµ ∅ ν1(t−1, q−1)Cµtλ νt1(q−1, t−1)
× Cσ λt ν2(t−1, q−1)Cσt ∅ νt2(q−1, t−1), (3.5)
where the superscript refers to the number of M5 branes in the construction. Using
standard techniques of summing up the Schur symmetric function given in Appendix
B we get (Qτ = QˆQm)
Z(2) = Z
(2)
pertZ
(2)
inst , (3.6)
where
Z
(2)
pert =
∞∏
i,j=1
(1−Qm qi− 12 tj− 12 )2(1−QfQm qi− 12 tj− 12 )(1−QfQ−1m qi−
1
2 tj−
1
2 )
(1−Qf qi−1tj)(1−Qf qitj−1) (3.7)
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and
Z
(2)
inst =
∑
ν1 ν2
Q|ν1|+|ν2|τ
×
∏
(i,j)∈ν1
(1−Qm qνt1,j−i+ 12 tν1,i−j+ 12 )(1−Q−1m qν
t
1,j−i+
1
2 tν1,i−j+
1
2 )
(1− qνt1,j−itν1,i−j+1)(1− tν1,i−jqνt1,j−i+1)
×(1−QmQf q
νt2,j−i+
1
2 tν1,i−j+
1
2 )(1−Q−1m Qf qν
t
2,j−i+
1
2 tν1,i−j+
1
2 )
(1−Qf qνt2,j−i+1tν1,i−j)(1−Qf qνt2,j−itν1,i−j+1)
×
∏
(i,j)∈ν2
(1−Qm qνt2,j−i+ 12 tν2,i−j+ 12 )(1−Q−1m qν
t
2,j−i+
1
2 tν2,i−j+
1
2 )
(1− qνt2,j−itν2,i−j+1)(1− tν2,j−iqνt2,i−j+1)
×(1−QmQf q
−νt1,j+i−
1
2 t−ν2,i+j−
1
2 )(1−Q−1m Qf q−ν
t
1,j+i−
1
2 t−ν2,i+j−
1
2 )
(1−Qf q−νt1,j+it−ν2,i+j−1)(1−Qf q−νt1,j+i−1t−ν2,i+j)
.
(3.8)
In the limit Qτ → 0 the partition function reduces to Z(2)pert which is the contribution
of the holomorphic curves that do not wrap the elliptic curve.
Qm = (q t)
± 1
2 limit
An important property of the above partition function is that for Qm = (q t)
± 1
2 the
Qτ dependence goes away, i.e. the sum over Qτ in Eq.(3.8) only gets contribution
from trivial partitions and becomes 1. To see this consider the following factor which
occurs in the sum over (ν1, ν2) in Eq.(3.8),∏
(i,j)∈ν1
(1−Qm qνt1,j−i+ 12 tν1,i−j+ 12 )(1−Q−1m qν
t
1,j−i+
1
2 tν1,i−j+
1
2 ) . (3.9)
If we consider a box in the Young diagram ν1 which is an outer corner then its arm
length and the leg length is zero, i.e. if (i0, j0) ∈ ν1 are the coordinates of such a box
then ν1,i0 − j0 = 0 and νt1,j0 − i0 = 0. Such a box always exists in a nonempty Young
diagram and the contribution of such a box to the factor in Eq.(3.9) is given by,
(1−Qm t 12 q 12 )(1−Q−1m t
1
2 q
1
2 ) = 0 for Qm = (q t)
± 1
2 . (3.10)
3.1.1 Partition function from instanton calculus
The partition function of the U(N) N = 2∗ theory, calculated in the last section
using geometric engineering and the topological vertex formalism, can also be deter-
mined using Nekrasov’s instanton calculus [19]. In the case of the massive adjoint
hypermultiplet the supersymmetric partition function of the gauge theory reduces to
the partition function of supersymmetric quantum mechanics on the instanton mod-
uli space [29]. This quantum mechanical model is the reduction to one dimension
of the N = (2, 2) two dimensional sigma model with instanton moduli space as the
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target space. Recall that the N = (2, 2) sigma model with target space M , a Ka¨hler
manifold, has Lagrangian given by
L =
∫
d4θ K(Φi,Φj) , (3.11)
where K(φi, φj¯) is the Ka¨hler potential of M and Φi are the chiral superfields. In
terms of the component fields the Lagrangian is given by4
L = gij¯∂+φi∂−φj¯ + gij¯∂−φi∂+φj¯ − 2igij¯ψi+D−ψj¯+ − 2igij¯ψi−D+ψj¯− +Rk¯il¯jψi+ψj−ψk¯−ψ l¯+ ,
where the covariant derivatives are given by
D−ψ
j¯
+ = (∂−δ
j¯
l¯
+ Γj¯
l¯k¯
∂−φ
k¯)ψ l¯+ , D+ψ
j¯
− = (∂+δ
j¯
l¯
+ Γj¯
l¯k¯
∂+φ
k¯)ψ l¯− . (3.12)
Reducing to one dimension we get the Lagrangian
L =
1
2
gij¯φ˙
iφ˙j¯ − i gij¯ψi+ψ˙j¯+ − i gij¯ψi−ψ˙j¯− − igij¯Γj¯l¯k¯φ˙k¯(ψi+ψ l¯+ + ψi−ψ l¯−) +Rk¯il¯jψi+ψj−ψk¯−ψ l¯+ .
This Lagrangian is invariant under 4 supersymmetries since the target space is Ka¨hler
manifold given by,
δ φi = ǫ+ψi+ + ǫ
−ψi− , (3.13)
δψi+ = iǫ
+φ˙i − ǫ−Γijlψj−ψl+ ,
δψi− = iǫ
−φ˙i + ǫ+Γijlψ
j
−ψ
l
+ .
The Witten index of this quantum mechanical system is the Euler characteristic of
the target space,
χ(M) = Tr (−1)F e−β H . (3.14)
One can define a more general partition function [30],
Z := Tr (−1)F− (−y)F+ e−β H , (3.15)
which is invariant under only two of the supersymmetries ǫ− and ǫ−. Inserting
yF+ has the effect of changing the fermion boundary conditions so that ψi− and ψ
i¯
−
remain periodic but ψi+(β) = y ψ
i
+(0) and ψ
i¯
+(β) = y ψ
i¯
+(0). This twisted partition
function can be calculated using the supersymmetric localization with respect to the
remaining supercharges and gives
Z :=
∫
M
∏
i
xi(1− y e−xi)
1− e−xi =
∑
i,j
(−1)i+jyj bi,j(M) , (3.16)
4We are considering a Lorentzian worldsheet so that (θ+, θ¯+) are positive chirality spinors and
(θ−, θ¯−) are negative chirality spinors. The fermions ψi+ and ψ
j
− are of negative and positive
chirality respectively. Also ∂± =
∂0±∂1
2 .
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where xi are the roots of the curvature two form. This is the χy genus of the manifold
M which for y = 1 gives the Euler characteristic. Thus the partition function of the
U(N) N = 2∗ theory is the χy genus of the rank N instanton moduli spaces,
ZU(N) =
∑
k≥0
ϕk χy(M(N, k)) , (3.17)
where M(N, k) is the moduli space of rank N instantons with charge k. We will
determine Eq.(3.17) using equivariant localization and see that it exactly reproduces
Z(2)/
(
Z(1)
)2
of Eq.(3.8) for N = 2.
The instanton moduli space of charge k for the U(1) case is the Hilbert scheme of
k points in C2, Hilbk[C2]. Hilbk[C2] is a 4k dimensional hyperka¨hler manifold which
is obtained by a resolution of singularities of the kth symmetric product of C2 [31].
It is also the space of polynomial ideals in C[z1, z2] of codimension k,
Hilbk[C2] = {I ⊂ C[z1, z2] | dim(C[z1, z2]/I) = k} . (3.18)
The tangent space at I ∈ Hilbk[C2] is given by
TI(Hilb
k[C2]) ≃ Hom(I,C[z1, z2]/I) . (3.19)
The torus T = U(1)ǫ1 × U(1)ǫ2 action on C2,
(z1, z2) 7→ (e2πiǫ1 z1, e2πiǫ2 z2) , (3.20)
induces an action on Hilbk[C2] with a finite number of isolated fixed points labelled
by the partitions of k. The fixed point corresponding to the partition λ will be
denoted by Iλ. The torus T maps Iλ to Iλ and hence maps TIλ(Hilb
k[C2]) to itself.
The weights of the T action on the tangent space at the fixed point Iλ are given by
[31]
{qλtj−i tλi−j+1, q−λtj+i−1t−λi+j |(i, j) ∈ λ} , q = e2πiǫ1 , t = e−2πiǫ2 . (3.21)
The U(1) partition function can now be calculated,
ZU(1) =
∑
k≥0
Q˜k χy
(
Hilbk[C2]
)
=
∑
k≥0
Q˜k
∫
Hilbk[C2]
2k∏
i=1
(1− y e−xi)xi
1− e−xi , (3.22)
where xi are the Chern roots of the tangent bundle. The integral above can be
calculated using equivariant localization [31] and is given by
ZU(1) =
∑
k≥0
Q˜k
∑
p∈{fixed points}
2k∏
i=1
1− y e−xp,i
1− e−xp,i , (3.23)
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where for the fixed point p labelled by the partition λ:
e−xp,i ∈ {qλtj−i tλi−j+1, q−λtj+i−1t−λi+j | (i, j) ∈ λ} . (3.24)
Thus we get
ZU(1) =
∑
k≥0
Q˜k
∑
|λ|=k
∏
(i,j)∈λ
(1− y qλtj−itλi−j+1)(1− y q−λtj+i−1t−λi+j)
(1− qλtj−itλi−j+1)(1− q−λtj+i−1 t−λi+j) . (3.25)
For the case of U(N) the instanton moduli space of charge k M(N, k) has a
T = U(1)ǫ1×U(1)ǫ2×U(1)N action with a finite number of fixed points labelled by a
set (ν1, ν2, . . . , νN) of N partitions such that |ν1|+ |ν2|+ · · ·+ |νN | = k. The weights
of the T action on the tangent space above the fixed point labelled by (ν1, ν2, . . . , νN)
is given by [32],
∑
i
e−xp,i =
N∑
α,β=1
e2πi(aα−aβ)
( ∑
(i,j)∈να
q−ν
t
β,j
+it−να,i+j−1 +
∑
(i,j)∈νβ
qν
t
α,j−i+1tνβ,i−j
)
.
Using these weights we can write down the U(N) partition function,
ZU(N) =
∑
k≥0
Q˜k χy(M(N, k))
=
∑
k≥0
Q˜k
∑
|ν1|+···+|νN |=k
N∏
α,β=1
Zνα,νβ , (3.26)
where (Qαβ = e
2πi(aα−aβ)),
Zνα,νβ :=
∏
(i,j)∈να
(1− y Qαβ q−νtβ,j+i t−να,i+j−1)
(1− Qαβ q−νtβ,j+i t−να,i+j−1)
∏
(i,j)∈νβ
(1− y Qαβ qνtα,j−i+1 tνβ,i−j)
(1−Qαβ qνtα,j−i+1 tνβ,i−j)
.
For the case of U(2) gauge group the above partition function becomes (Q12 = Q
−1
f ),
ZU(2) =
∑
ν1,ν2
Q˜|ν1|+|ν2|W (ν1, ν2)W (ν2, ν1) , (3.27)
where
W (ν1, ν2) =
∏
(i,j)∈ν1
(1− y q−νt1,j+i t−ν1,i+j−1)(1− y qνt1,j−i+1 tν1,i−j)
(1− q−νt1,j+i t−ν1,i+j−1)(1− qνt1,j−i+1 tν1,i−j)
×(1− y Q
−1
f q
−νt2,j+i t−ν1,i+j−1)
(1− Q−1f q−ν
t
2,j+i t−ν1,i+j−1)
(1− y Qf qνt2,j−i+1 tν1,i−j)
(1−Qf qνt2,j−i+1 tν1,i−j)
. (3.28)
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The above partition function is precisely Ẑ(2) of Eq.(3.8) with,
Qτ = Q˜ y
2 , Qm = y
√
q
t
. (3.29)
For y = 1 we get the generating function for the Euler characteristic of M(N, k),
ZU(N)|y=1 =
( ∞∏
k=1
(1−Qkτ )−1
)N
(3.30)
which is also the partition function of the U(N) N = 4 SYM.
3.2 Case II: Preferred direction along the horizontal
This choice of the preferred direction leads to a very interesting representation of
the partition function. First, it makes the modular properties with respect to the
elliptic fiber manifest. We can perform all the sums along this direction to get infinite
products. These products can be recast in terms of Jacobi θ-functions. Second, as
we will discuss later this choice is the natural one to understand the world volume
theory of M2 branes. For a related discussion see also [33].
For the SU(N) theory the geometry is made of N building blocks depicted in
Fig. 6.
νm
νm+1
Figure 6: The toric diagram of the building block of the XN geometry with the
preferred direction along the horizontal direction.
We want to outline the computation of these blocks using the refined topological
vertex. Further details can be found in Appendix B. According to the gluing rules
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this open topological string amplitude is given by5,
Wνtmνm+1(τ,m, ǫ1, ǫ2) = fνm+1(t, q) fνm(q, t)Q
−
|νm|+|νm+1|
2
m
×
∑
λµ
(−Qm)|λ|(−QτQ−1m )|µ|Cλt µt νtm(q−1, t−1)Cλµ νm+1(t−1, q−1) .
(3.31)
After some algebra in Schur functions, the building blocks take the form
Wνtmνm+1(Qτ , Q, t, q) = t
−
‖νtm+1‖
2
2 q−
‖νm‖
2
2 Z˜νtm(q
−1, t−1)Z˜νm+1(t
−1, q−1)Q
−
|νm|+|νm+1|
2
m
∞∏
k=1
(
1−Qkτ
)−1 ∞∏
i,j=1
(
1−QkτQ−1 qνm+1,i−j+
1
2 tν
t
m,j−i+
1
2
)(
1−Qk−1τ Qqνm,i−j+
1
2 tν
t
m+1,j−i+
1
2
)
(
1−Qkτ qνm+1,i−j+1tν
t
m+1,j−i
)(
1−Qkτ qνm,i−jtν
t
m,j−i+1
) .
(3.32)
Let us define the normalized building block
Dνtm νm+1(τ,m, ǫ1, ǫ2) =
Wνtm νm+1(τ,m, ǫ1, ǫ2)
W∅ ∅(τ,m, ǫ1, ǫ2)
. (3.33)
The factor in the denominator is the closed topological string partition function of
the geometry shown in Fig. 6. Simplifying Eq.(3.33) using the identities given in
Appendix A we get,
Dνtmνm+1(τ,m, ǫ1, ǫ2) = t
−
‖νtm+1‖
2
2 q−
‖νm‖
2
2 Q
−
|νm|+|νm+1|
2
m
×
∞∏
k=1
∏
(i,j)∈νm
(1−QkτQ−1m q−νm,i+j−
1
2 t−ν
t
m+1,j+i−
1
2 )(1−Qk−1τ Qm qνm,i−j+
1
2 tν
t
m+1,j−i+
1
2 )
(1−Qkτ qνm,i−j tν
t
m,j−i+1)(1−Qk−1τ q−νm,i+j−1 t−ν
t
m,j+i)
×
∏
(i,j)∈νm+1
(1−QkτQ−1m qνm+1,i−j+
1
2 tν
t
m,j−i+
1
2 )(1−Qk−1τ Qm q−νm+1,i+j−
1
2 t−ν
t
m,j+i−
1
2 )
(1−Qkτ qνm+1,i−j+1tν
t
m+1,j−i)(1−Qk−1τ q−νm+1,i+jt−ν
t
m+1,j+i−1)
(3.34)
In the unrefined case ǫ2 = −ǫ1 = −ǫ we have q = t and the above open string
amplitude can be written as
Dνtm νm+1(τ,m, ǫ,−ǫ) =
∏
(i,j)∈νm
θ1(τ ;αij)
θ1(τ ; βij)
∏
(i,j)∈νm+1
θ1(τ ; γij)
θ1(τ ; δij)
, (3.35)
5Since we are considering an open topological string amplitude we can consider the branes with
some framing. In this case we have taken the branes to be with framing 1 which is the reason for
the prefactor in Eq.(3.31) which is given in terms of the framing factor fµ(t, q) = q
‖µ‖2
2 t−
‖µt‖2
2 .
This framing will not affect the calculation of the closed topological string partition function since
the framing factor will cancel when the two open string amplitudes are glued together because of
the identity fµ(t, q)fµt(q, t) = 1.
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with
e2πiαij = Q−1m q
−νm,i+j−νtm+1,j+i−1, e2πiγij = Q−1m q
νm+1,i−j+νtm,j−i+1,
e2πiβij = qνm,i−j+ν
t
m,j−i+1, e2πiδij = qνm+1,i−j+ν
t
m+1,j−i+1,
(3.36)
where
θ1(τ ; z) = −i eiπ τ/4eiπ z
∞∏
k=1
(1− e2πi k τ )(1− e2πiz e2πi k τ )(1− e−2πiz e−2πi (k−1) τ ) .
Recall that the theta function can be written in terms of the Eisenstein series as
θ1(τ ; z) = η
3(τ) (2πi z) exp
(∑
k≥1
B2k
(2k)(2k)!
E2k(τ) (2πiz)
2k
)
. (3.37)
In the above equation E2k(τ) is the weight 2k Eisenstein series defined as
E2k(τ) = 1− 4k
B2k
∞∑
n=1
σ2k−1(n) q
n , (3.38)
where B2k are the Bernoulli numbers and σk(n) =
∑
d|n d
k is the divisor sum func-
tion6. Under modular transformation
(
a b
c d
)
∈ SL(2,Z) the Eisenstein series E2k(τ)
transforms in the following way,
E2k
(
aτ + b
cτ + d
)
=
{
(cτ + d)2E2(τ)− iπc(cτ + d), k = 1,
(cτ + d)2k E2k(τ) , k > 1 .
(3.39)
Thus the Eisenstein series E2(τ) is not a modular form. E2(τ) can be made modular
form by adding a non-holomorphic term to it. Define
Ê2(τ, τ¯ ) = E2(τ)− 3
πIm(τ)
, (3.40)
then Ê2(τ) transforms as modular form,
Ê2
(
aτ + b
cτ + d
)
= (cτ + d)2E2(τ) . (3.41)
Thus if we replace E2(τ) with Ê2(τ, τ¯) in the θ1(τ ; z) of Eq.(3.35) then under the
transformation ,
(τ,m, ǫ1, ǫ2) 7→
(
aτ + b
cτ + d
,
m
cτ + d
,
ǫ1
cτ + d
,
ǫ2
cτ + d
)
, (3.42)
6
∑∞
k=0Bk
xk
k! =
x
ex−1
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the open topological string amplitude Wνtmνm+1(τ, τ¯ , m, ǫ,−ǫ) is invariant but no
longer holomorphic. The open string amplitude satisfies a holomorphic anomaly
equation7
∂Dνtmνm+1(τ, τ¯ , m, ǫ)
∂Ê2(τ, τ¯)
=
1
24
 ∑
(i,j)∈νm
(β2ij − α2ij) +
∑
(i,j)∈νm+1
(δ2ij − γ2ij)
Dνtm νm+1(τ, τ¯ , m, ǫ),
where,∑
(i,j)∈νm
(β2ij − α2ij) +
∑
(i,j)∈νm+1
(δ2ij − γ2ij) =∑
(i,j)∈νm
(
(m+ (νm,i − j + νtm+1,j − i+ 1)ǫ
)2 − ((νm,i − j + νtm,j − i+ 1)ǫ)2
+
∑
(i,j)∈νm+1
(
(m− (νm+1,i − j + νtm,j − i+ 1)ǫ
)2 − ((νm+1,i − j + νtm+1,j − i+ 1)ǫ)2 .
(3.43)
3.2.1 U(2) partition function
Using the open topological string amplitude we can now determine the closed topo-
logical string partition function forXN taking the preferred direction to be horizontal.
∅
∅
ν ν
D∅ ν(τ,m, ǫ1, ǫ2) Dνt ∅(τ,m,−ǫ2,−ǫ1)
Figure 7: (a) Toric diagram of the geometry giving rise to U(2) N = 2∗ theory. The
preferred direction is taken to be horizontal. (b) Partition function can be obtained
by gluing open topological string amplitudes.
As shown in Fig. 7 we can glue two copies of D∅ ν to obtain the U(2) partition
function,
Ẑ(2)(τ,m, tf , ǫ1, ǫ2) =
∑
ν
(−Qf )|ν|D∅ν(τ,m, ǫ1, ǫ2)Dνt∅(τ,m,−ǫ2,−ǫ1), (3.44)
where Qf = e
2πi tf is the parameter of the fiber P1, the compact part of the geometry
is a P1 bundle over T 2, whose local geometry is O(0)⊕O(−2). Using Eq.(3.33) and
7It would be interesting to analyze this anomaly from the perspective of the worldsheet theory.
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Eq.(3.34) the U(2) partition function is given by,
Z(2)(τ,m, tf , ǫ1, ǫ2) =
(
Z(1)(τ,m, ǫ1, ǫ2)
)2
×
∑
ν
(−Qf )|ν|
∏
(i,j)∈ν
θ1(τ ; zij) θ1(τ ; vij)
θ1(τ ;wij)θ1(τ ; uij)︸ ︷︷ ︸
Ẑ(2)(τ,m,tf ,ǫ1,ǫ2)
(3.45)
with the following definitions for the arguments of the θ-functions
e2πi zij = Q−1m q
νi−j+1/2 t−i+1/2, e2πi vij = Q−1m t
i−1/2 q−νi+j−1/2,
e2πiwij = qνi−j+1 tν
t
j−i, e2πi uij = qνi−j tν
t
j−i+1.
(3.46)
Notice that for Qm =
(
q
t
)± 1
2 , i.e. m = ± ǫ1+ǫ2
2
we have either z11 = 0 or v11 = 0 and
since the (1, 1) box is present in every non-trivial Young diagram the sum over ν in
Ẑ(2) will only get a non-trivial contribution for ν = ∅, therefore it reduces to
Ẑ(2)
(
τ,m = ±ǫ1 + ǫ2
2
, tf , ǫ1, ǫ2
)
= 1. (3.47)
However, notice that if,
ẐU(2)(τ,m, tf , ǫ1, ǫ2) =
∑
k≥0
(−Qf )k Ẑk(τ,m, ǫ1, ǫ2) , (3.48)
then
lim
m7→±
ǫ1+ǫ2
2
Ẑk(τ,m, ǫ1, ǫ2)
Ẑ1(τ,m, ǫ1, ǫ2)
6= 0 . (3.49)
Thus the vanishing of Ẑk(τ,m, ǫ1, ǫ2) for m = ± ǫ1+ǫ22 is entirely due to the fact that
Ẑk(τ,m, ǫ1, ǫ2) has Ẑ1(τ,m, ǫ1, ǫ2) as a factor. From Eq.(3.45) and Eq.(3.46) it is easy
to see that,
Ẑk(τ,m, ǫ1, ǫ2)
Ẑ1(τ,m, ǫ1, ǫ2)
=
∑
|ν|=k
∏
(i,j)∈ν,(i,j)6=(1,ν1)
θ1(τ ; zij) θ1(τ ; vij)∏
(i,j)∈ν,(i,j)6=(ℓ(ν),νℓ(ν))
θ1(τ ;wij)θ1(τ ; uij)
. (3.50)
From Eq.(3.46) it also is clear that the above expression does not vanish. Below we
list Ẑk(τ,m,ǫ1,ǫ2)
Ẑ1(τ,m,ǫ1,ǫ2)
for k = 2:
Ẑ2(τ,m, ǫ1, ǫ2)
Ẑ1(τ,m, ǫ1, ǫ2)
=
θ1(τ ;m− 32ǫ1 − 12ǫ2)θ1(τ ;m+ 32ǫ1 + 12ǫ2)
θ1(τ ; 2ǫ1)θ1(τ ; ǫ1 − ǫ2) (3.51)
+
θ1(τ ;m− 12ǫ1 − 32ǫ2)θ1(τ ;m+ 12ǫ1 + 32ǫ2)
θ1(τ ; ǫ1 − ǫ2)θ1(τ ;−2ǫ2)
m=±
ǫ1+ǫ2
2−−−−−−→ θ1(τ ;−ǫ1)θ1(τ ; 2ǫ1 + ǫ2)
θ1(τ ; 2ǫ1)θ1(τ ; ǫ1 − ǫ2) +
θ1(τ ;−ǫ2)θ1(τ ; ǫ1 + 2ǫ2)
θ1(τ ; ǫ1 − ǫ2)θ1(τ ;−2ǫ2)
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3.2.2 Modular properties of the partition function
The θ-function factor in the U(2) partition function Eq.(3.45) can be written as,
∏
(i,j)∈λ
θ1(τ ; zij)θ1(τ ; vij)
θ1(τ ;wij) θ1(τ ; uij)
=
 ∏
(i,j)∈λ
zij vij
wij uij
 exp(∑
k≥1
B2k
(2k)(2k)!
E2k(τ) f
(2k)
ν (m, ǫ1, ǫ2)
)
,
(3.52)
where
f (2k)ν (m, ǫ1, ǫ2) =
∑
(i,j)∈ν
(2πi zij)
2k + (2πi vij)
2k − (2πiwij)2k − (2πiuij)2k .
Thus we get,
Ẑ(2)(τ,m, tF , ǫ1, ǫ2) =
∑
ν
(−Qf )|ν|
 ∏
(i,j)∈ν
zij vij
wij uij

× exp
(∑
k≥1
B2k
(2k)(2k)!
E2k(τ) f
(2k)
ν (m, ǫ1, ǫ2)
)
. (3.53)
Because of the presence of (holomorphic) E2(τ) the partition function is not invariant
under the modular transformation,
(τ,m, tf , ǫ1, ǫ2) 7→
(
aτ + b
cτ + d
,
m
cτ + d
, tf ,
ǫ1
cτ + d
,
ǫ2
cτ + d
)
,
(
a b
c d
)
∈ SL(2,Z) .
As before if we replace E2(τ) with Ê2(τ, τ¯ ) = E2(τ)− 3π Im(τ) then since f (2)ν (m, ǫ1, ǫ2)E2(τ, τ¯)
is modular invariant (but not holomorphic) Ẑ(2)(τ,m, tf , ǫ1, ǫ2) is modular invariant
as well (but not holomorphic). The partition function Ẑ(2)(τ, τ¯ , m, tf , ǫ1, ǫ2) now
satisfies a holomorphic anomaly equation
∂Ẑ(2)(τ, τ¯ , m, tf , ǫ1, ǫ2)
∂Ê2(τ, τ¯)
=
1
12
Dm,ǫ1,ǫ2,tf Ẑ
(2)(τ, τ¯ , tf , m, ǫ1, ǫ2), (3.54)
Dm,ǫ1,ǫ2,tf := ǫ1ǫ2
∂2
∂T 2f
+ (m2 − (ǫ+/2)2) ∂
∂Tf
,
where ǫ+ = ǫ1 + ǫ2 and Tf = 2πitf . This can be interpreted, as has been discussed
in the context of elliptic Calabi-Yau threefolds [34–36] as the holomorphic anomaly
of topological strings [37]. Here we are in the unusual situation to have also fixed
the ‘holomorphic ambiguity’ to all orders in the genus expansion, as we have the full
expansion of the topological string amplitude. Equation (3.54) is a refined version
of the holomorphic anomaly equations and it would be interesting to relate it to the
results of [38, 39].
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∅
ν1 ν1
ν2 ν2
ν3 ν3
ν4
νN−1
∅
Figure 8: (a) The toric diagram of elliptic CY3fold XN . (b) Partition function from
gluing Wνaνa+1.
3.2.3 U(N) partition function
As shown in Fig. 8 we can calculate the partition function of the U(N) theory by
gluing N open string amplitudes Wνaνa+1.
The U(N) partition function in terms of the open string amplitude is given by ,
Z(N)(τ,m, tfa , ǫ1, ǫ2) =
∑
ν1,...,νN−1
(
N−1∏
a=1
(−Qfa)|νa|
)
× W∅ν1(ǫ1, ǫ2)Wν1ν2(−ǫ2,−ǫ1)Wν2ν3(ǫ1, ǫ2) · · ·WνN−1∅ .
If we separate the U(1) piece by defining,
Z(N)(τ,m, tfa, ǫ1, ǫ2) =
(
Z(1)(τ,m, ǫ1, ǫ2)
)N
Ẑ(N)(τ,m, tfa, ǫ1, ǫ2) , (3.55)
then,
Ẑ(N)(τ,m, tfa, ǫ1, ǫ2) =
∑
ν1,...,νN−1
(
N−1∏
a=1
(−Qfa)|νa|
)
N−1∏
a=1
∏
(i,j)∈νa
θ1(τ ; z
a
ij) θ1(τ ; v
a
ij)
θ(τ ;waij)θ(τ ; u
a
ij)
(3.56)
where (ν0 = νN = ∅),
e2πi z
a
ij = Q−1m q
νa,i−j+
1
2 tν
t
a+1,j−i+
1
2 , e2πi v
a
ij = Q−1m t
−νta−1,j+i−
1
2 q−νa,i+j−
1
2 ,
e2πiw
a
ij = qνa,i−j+1 tν
t
a,j−i, e2πi u
a
ij = qνa,i−j tν
t
a,j−i+1.
(3.57)
Notice that for m = ± ǫ1+ǫ2
2
we have z
(N−1)
1,νa,1 = −(νtN,νN−1,1)ǫ2 = 0 since νN = ∅ and
therefore
Ẑ(N)
(
τ,m = ±ǫ1 + ǫ2
2
, tfa , ǫ1, ǫ2
)
= 1 . (3.58)
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Using the relation between the theta function and Eisenstein series given in Eq.(3.37)
we can write Ẑ(N)(τ,m, tfa , ǫ1, ǫ2) as,
Ẑ(N)(τ,m, tfa, ǫ1, ǫ2) =
∑
ν1,...,νN−1
(−Qf1)|ν1| · · · (−QfN−1)|νN−1|
N−1∏
a=1
 ∏
(i,j)∈νa
zaij v
a
ij
waij u
a
ij

× exp
(∑
k≥1
B2k
(2k)(2k)!
E2k(τ) f
(2k)
ν1,...,νN−1
(m, ǫ1, ǫ2)
)
f (2k)ν1,...,νN−1(m, ǫ1, ǫ2) =
N−1∑
a=1
∑
(i,j)∈νa
(
(2πi zaij)
2k + (2πi vaij)
2k − (2πiwaij)2k − (2πi uaij)2k
)
(3.59)
which shows that if we replace E2(τ) with the non-holomorphic modular form E2(τ, τ¯)
the partition function becomes modular invariant under the transformation,
(τ,m, tfa , ǫ1, ǫ2) 7→
(aτ + b
cτ + d
,
m
cτ + d
, tfa ,
ǫ1
cτ + d
,
ǫ2
cτ + d
)
,
(
a b
c d
)
∈ SL(2,Z) .
3.2.4 Partition function from instanton calculus
In section 3.1.1 we calculated the partition function of the N = 2∗ theory using
Nekrasov’s instanton calculus and observed that it agreed completely with the re-
fined topological string partition function of the elliptic threefold XN . A change of
the preferred direction gave a different representation of the same refined partition
function. In this section we will see that this different representation of the same
partition function can also be calculated using instanton calculus for a different gauge
theory. This fact reflects the fiber-base duality between the N = 2∗ theory and a
quiver theory [40].
To see let us first consider the case of U(2) N = 2∗ theory. The web diagram is
shown in Fig. 9(a) below.
(a) (b)
Figure 9: (a) The theory on the compactified vertical branes is U(2) 7→ U(1)2
N = 2∗ theory and the theory on the horizontal brane is a U(1) theory. (b) In the
limit the circle is decompactified the U(1) theory on the horizontal brane becomes
U(1) with Nf = 2.
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If we decompactify the circle we get the usual kind of web diagram as shown in
Fig. 9(b). If we consider the theory on the horizontal branes then the web diagram of
Fig. 9(b) corresponds to a U(1) theory with two fundamental hypermultiplets. The
partition function of the U(1) theory with Nf = 2 can be derived using equivariant
instanton calculus [19],
Z =
∑
ν
ϕ|ν| q‖ν‖
2
∏
(i,j)∈ν
(1− e2πim1 q−j+1 ti−1)(1− e2πim2 q−j+1 ti−1)
(1− qνi−j+1 tνtj−i)(1− q−νi+j t−νtj+i−1)
=
∑
ν
(
−ϕ e2πim1
√
q
t
)|ν|
q
‖ν‖2
2 t
‖νt‖2
2
∏
(i,j)∈ν
(1− e−2πim1 qj−1 t−i+1)(1− e2πim2 q−j+1 ti−1)
(1− qνi−j+1 tνtj−i)(1− qνi−j tνtj−i+1)
=
∑
ν(−ϕ˜)|ν|
∏
(i,j)∈ν
(e−iπm1 q
j−1
2 t−
i−1
2 −eiπm1 q−
j−1
2 t
i−1
2 )
(q
νi−j+1
2 t
νt
j
−i
2 −q−
νi−j+1
2 t−
νt
j
−i
2 )
× (eiπm2 q−
j−1
2 t
i−1
2 −e−iπm2 q
j−1
2 t−
i−1
2 )
(q
νi−j
2 t
νt
j
−i+1
2 −q−
νi−j
2 t−
νt
j
−i+1
2 )
(3.60)
where ϕ˜ = ϕ eiπ(m1+m2)
√
q
t
. The above partition function is precisely Ẑ(2) given
in Eq.(3.45) in the limit Qτ 7→ 0 if we make the following identification of parame-
ters8:
ϕ˜ = Qf , m1 = m− ǫ1 + ǫ2
2
, m2 = −m− ǫ1 + ǫ2
2
. (3.61)
Notice that the above partition function becomes trivial for m1 = 0 or m2 = 0 which
corresponds to precisely m = ± ǫ1+ǫ2
2
as expected from the results of section 2.
Eq.(3.60) is the topological string partition function of the geometry shown
Fig. 10(a). In Eq.(3.61) taking m1 and m2 to be related to m with opposite sign
m2m1 −m2m1
(a) (b)
Figure 10: Toric realization of the flop transition with two mass parameters.
essentially means that in the geometry one of the exceptional curves giving the fun-
damental hypermultiplet has undergone flop transition and the geometry has become
the one shown in Fig. 10(b). Note however that in order for it to come from 6 dimen-
sions, which corresponds to making the toric geometry periodic, places a restriction
8To see that the two partition functions are the same, apart from parameter identification, one
needs the fact that for a fixed i the set {j − 1 | (i, j) ∈ ν} is the same as the set {νi − j | (i, j) ∈ ν}.
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on the parameters of the U(1) gauge theory. In particular we are at the origin of
Coulomb branch where the vev of the scalar field is set to zero. The only left over pa-
rameters are the coupling constant of the gauge theory which is related to tf = 1/g
2
which in turn is proportional to the separation of M5 branes, as well as the masses
which have the same value (up to sign discussed above).
The instanton partition function for supersymmetric gauge theories can be cal-
culated using an appropriate topological index on the moduli space of instantons,
this is essentially due to supersymmetric localization of the partition function with
respect to one of the preserved supercharges. The details of the index computation
depend on the details of the gauge theory such as the gauge group and the matter
content. The matter fields of the theory are sections of a vector bundle on the instan-
ton moduli space. In the case of a fundamental hypermultiplet the vector bundle on
the instanton moduli space is the tautological bundle E. The tautological bundle E
over Hilbk[C2] and has rank k . The fiber of E over the point I (which is a codimen-
sion k ideal in C[z1, z2]) is given by C[z1, z2]/I. If we consider Nf hupermultiplets
we have U(Nf ) global symmetry and Nf copies of the bundle E, i.e. the appropriate
bundle is
E ⊗ CNf ∼= E ⊕ E ⊕ · · · ⊕E︸ ︷︷ ︸
Nf−copies
,
where CNf is the fundamental representation of U(Nf ). U(Nf ) acts on the above
bundle on CNf and, therefore, the Cartan of U(Nf ) acts on the i-th copy of E by
scaling by e2πimi where mi (i = 1, · · · , Nf ) is the mass of the i-th hypermultiplet.
The case we are considering is Nf = 2 in which case we have E ⊕ E and the
action of U(1)m1 × U(1)m2 ⊂ U(2) is given by (e2πim1 , e2πim2) on the two factors.
However, due to flop transition on the curve giving the hypermultiplet of mass m2
the relevant bundle for us is E⊕E∗ on which the U(1)m1×U(1)m2 action is given by
(e2πim1 , e−2πim2). Apart from this we also have a U(1)ǫ1 × U(1)ǫ2 action on E ⊕ E∗
which comes from lifting the action on C2. As mentioned before the fiber of E over a
point I ∈ Hilbk[C2] is given by C[z1, z2]/I which is a k dimensional vector space. The
fixed points of Hilbk[C2] under the U(1)m1 × U(1)m2 × U(1)ǫ1 × U(1)ǫ2 are labelled
by partitions of k and correspond to monomial ideals. 9 The ideal corresponding to
the partition ν of k is given by,
Iν =
⊕
(i,j)/∈ν
C zi−11 z
j−1
2 . (3.62)
Thus the fiber of E over the fixed point Iν is give by
E|Iν = C[z1, z2]/Iν =
⊕
(i,j)∈ν
C zi−11 z
j−1
2 , (3.63)
9The fixed points under U(1)m1 ×U(1)m2 ×U(1)ǫ1 ×U(1)ǫ2 are the same as fixed points under
U(1)ǫ1 × U(1)ǫ2 since U(1)m1 × U(1)m2 does not act on Hilbk[C2].
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which shows that the fiber E above the fixed point Iν decomposes in terms of one
dimensional vector spaces spanned by basis vectors zi−11 z
j−1
2 . Eq.(3.63) also gives us
the weights of the U(1)m1 × U(1)ǫ1 × U(1)ǫ2 action on E|Iν which are,
weights of E|Iν = { e2πim1 q−i+1 tj−1 | (i, j) ∈ ν} . (3.64)
Similarly the weights of E∗ at Iν under U(1)m2 × U(1)ǫ1 × U(1)ǫ2 are given by
weights of E∗|Iν = { e−2πim2 qi−1 t−j+1 | (i, j) ∈ ν} . (3.65)
Using the relation between m1, m2 and m given in Eq.(3.61) we see that under
U(1)m × U(1)ǫ1 × U(1)ǫ2 ,
weights of E|Iν = { e2πim q−i+
1
2 tj−
1
2 | (i, j) ∈ ν} , (3.66)
weights of E∗|Iν = { e2πim qi−
1
2 t−j+
1
2 | (i, j) ∈ ν} .
Eq.(3.60) can now be expressed in terms of the equivariant holomorphic Euler
characteristic of E ⊕ E∗ as follows,
Z =
∑
k≥0
ϕ̂k χy(Hilb
k[C2], E ⊕ E∗) , (3.67)
where χy(M, V ) =
∑
p,q≥0(−1)p+q yp hp,q(M, V ) and hp,q(M, V ) = h0,q(M,∧pT ∗M1,0⊗
V ). As χy(M, V ) is the index of a twisted Dirac operator, it can be given in terms
of the Chern classes of V and the ones of TM
10,
χy(M, V ) =
∫
M
ch(Vy) Td(M) , Vy =
∑
n≥0
(−y)n ∧n V . (3.68)
Using equivariant localization,
χy(Hilb
k[C2], E ⊕E∗) =
∫
Hilbk[C2]
ch((E ⊕ E∗)y) Td(Hilbk[C2]) (3.69)
=
∑
p∈{fixed points}
∏2k
j=1(1− y e−x˜p,i)∏2k
i=1(1− e−xp,i)
,
where x˜p,i and xp,i are weights at the fixed point p of the U(1)m × U(1)ǫ1 × U(1)ǫ2
action for E⊕E∗ and THilbk[C2] respectively. The Chern character of the tautological
bundle E was calculated in [41] and it was shown that
ch(THilbk[C2]) = ch(E ⊕E
∗) . (3.70)
10This can also be written as Tr(−1)FyJe−βH for a suspersymmetric quantum mechanical system
which is the dimensional reduction of (2, 0) d = 2 theory.
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However as equivariant bundles THilbk [C2] has different weights than E ⊕E∗. Using
the weights given in Eq.(3.66) we get
χy(Hilb
k[C2], E ⊕E∗) =
∑
|ν|=k
∏
(i,j)∈ν
(1− y Q−1m qi−
1
2 t−j+
1
2 )(1− y Q−1m q−i+
1
2 tj−
1
2 )
(1− qνtj−i+1tνi−j)(1− q−νtj+it−νi+j−1) .
After some simplification Eq.(3.67) then becomes
Z =
∑
ν
(−ϕ̂ y Q−1m
√
t
q
)|ν|
∏
(i,j)∈ν
y
1
2Q
− 1
2
m q
i− 12
2 t
−j+12
2 − y− 12Q
1
2
mq−
i−12
2 t−
−j+12
2
q
νt
j
−i+1
2 t
νi−j
2 − q−
νt
j
+i−1
2 t−
νi+j
2
(3.71)
∏
(i,j)∈ν
y
1
2Q
− 1
2
m q−
i− 12
2 t−
−j+12
2 − y− 12Q
1
2
mq
i− 12
2 t
−j+12
2
q
νt
j
−i
2 t
νi−j+1
2 − q
−νt
j
+i
2 t
−νi+j
2
This is precisely the partition function Eq.(3.45) with y = 1, Qf = ϕ̂ y Q
−1
m
√
t
q
and
Qτ = 0. Thus the choice of the horizontal preferred direction gives the twisted χy
genus of the Hilbert scheme of points on C2. It is easy to generalize this to the case
Qτ 6= 0. From Eq.(3.45) it is clear that we need to replace each factor in the product
in Eq.(3.71) with θ1(τ ; z). This is achieved by considering the elliptic genus rather
than the χy genus.
Now consider the following formal combination of bundles [42]:
VQτ,y =
∞⊗
k=0
∧
−y Qk−1τ
V ⊗
∞⊗
k=1
∧
−y−1Qkτ
V ∗ ⊗
∞⊗
k=1
SQkτT
∗
M ⊗
∞⊗
k=1
SQkτTM (3.72)
Then
ch(VQτ ,y)Td(TM) =
∞∏
k=1
∏r
i=1(1−Qk−1τ y e−x˜i)(1−Qkτ y−1 ex˜i)∏d
j=1 x
−1
j (1−Qk−1τ e−xj )(1−Qkτexj)
(3.73)
where r is the rank of V which in this case is equal to the dimension of M, xj are
the Chern roots of the tangent bundle and x˜i are Chern root of V . In terms of theta
functions we have (y = e2πiz):
ch(VQτ ,y)Td(TM) = y
d/2 e
∑d
i=1
1
2
(xi−x˜i)
d∏
i=1
θ1(τ ;−z + x˜i2πi)
θ1(τ ;
xi
2πi
)
(3.74)
Taking V = E ⊕E∗ and M = Hilbk(C2) we get
∑
k≥0
Q˜k
∫
M
ch((E ⊕E∗)Qτ ,y)Td(TM) =
∑
k≥0
(Q˜y)k
∫
M
e
∑d
i=1
1
2
(xi−x˜i)
d∏
i=1
θ1(τ ; z − x˜i2πi)
θ1(τ ;− xi2πi)
=
∑
ν
(Q˜y)|ν|
∏
(i,j)∈ν
θ1(τ ; z −m+ i ǫ1 − j ǫ2 − ǫ+2 ) θ1(τ ; z −m− i ǫ1 + j ǫ2 + ǫ+2 )
θ1(τ ;−(νtj − i+ 1)ǫ1 + (νi − j)ǫ2)θ1(τ ; (νtj − i)ǫ1 − (νi − j + 1)ǫ2)
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Comparing with Eq.(3.45) we see that the above precisely agrees with Ẑ(2), the topo-
logical vertex result for z = 0.
The bundle V = E ⊕ E∗ on Hilbk[C2] played a crucial role in the calculation
above which corresponds to the case of two M5-branes. If I ∈ Hilbk[C2] then I is an
ideal such that dimC(C[x, y]/I) = k. Given such an ideal the fiber of V above I is
given by [31, 43, 44],
V |I = Ext1(O, I)⊗ L− 12︸ ︷︷ ︸
E
⊕Ext1(I,O)⊗ L− 12︸ ︷︷ ︸
E∗
, (3.75)
where L is a trivial line bundle and O = C[x, y]. L is in fact the canonical line
bundle on C2 such that the weight of L−
1
2 is e−2πi
ǫ1+ǫ2
2 . The appearance of Ext-
groups is not unexpected since it has been shown that Ext-groups count the open
string states between D-branes wrapped on holomorphic submanifolds [45]. Notice
that Ext1(O, I) and Ext1(I,O) are not dual of each other but are such that [43, 44],
Ext1(I,O) = Ext1(O, I)∗ ⊗ L|I , (3.76)
this implies that the two factors of V in Eq.(3.75) are dual to each other.
Now consider (I, J) ∈ Hilbk1 [C2] × Hilbk2 [C2] and a bundle V on Hilbk1 [C2] ×
Hilbk2[C2] such that its fiber over the point (I, J) is given by,
V |(I,J) =
(
Ext1(O, I)⊕ Ext1(I, J)⊕ Ext1(J,O)
)
⊗ L− 12 . (3.77)
If we take k1 = 0 or k2 = 0 then the above bundle becomes the bundle of Eq.(3.75)
on Hilb•[C2]. At the fixed point (Iλ, Jµ) labelled by two partitions λ and µ of k1 and
k2 respectively, the weights of the bundle V are given by [44],
11
weights of V = {Qm q−i+ 12 tj− 12 , Qm qλtj−i+ 12 tµi−j+ 12 | (i, j) ∈ λ} ∪ (3.78)
{Qm q−µtj+i− 12 t−λi+j− 12 , Qm qi− 12 t−j+ 12 | (i, j) ∈ µ} ,
where we have included the U(1)m weight as well in the above. Thus for each M5-
brane with M2-branes ending on the left and the right we have a factor Ext1(I, J)⊗
L−
1
2 in the corresponding bundle where I is a point on Hilbk1[C2] corresponding
to the M2-brane on the left and J is a point on Hilbk2[C2] corresponding to the
M2-brane on the right as shown in Fig. 11.
We can now generalize this construction for Mk1,...,kN−1 = Hilb[k1][C2] × · · · ×
Hilb[kN−1][C2]. Let V be the bundle onMk1,...,kN−1 such that its fiber above (I1, I2, . . . , IN−1) ∈
Mk1,...,kN−1 is given by,
V |(I1,I2,··· ,IN−1) =
(
⊕N−1a=0 Ext1(Ia, Ia+1)
)
⊗ L− 12 , (3.79)
11The Young diagram convention of [44] is different from ours so we have to take the transpose
of their partitions.
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IJ
Ext1(I, J)⊗ L−
1
2
Figure 11: Each pair of M2 branes ending on the M5 brane from opposite sides
gives rise to a factor Ext1(I, J)⊗ L− 12 in the corresponding bundle.
where I0 = IN = O. At a fixed point labelled by (ν1, ν2, · · · , νN−1) the weights of V
are given by [44],
{Qm q−i+ 12 tj− 12 | (i, j) ∈ ν1} ∪ {Qm qi− 12 t−j+ 12 | (i, j) ∈ νN−1} (3.80)(
∪N−2a=1 {Qm qν
t
a,j−i+
1
2 tνa+1,i−j+
1
2 | (i, j) ∈ νa} ∪ {Qm q−νta+1,j+i− 12 t−νa,i+j− 12 | (i, j) ∈ νa+1}
)
.
We can now write down the partition function,
ZU(1)N =
∑
k1,...,kN−1≥0
(
N−1∏
a=1
Q˜kaa
) ∫
Mk1,...,kN−1
ch(VQτ ,y)Td(Mk1,...,kN−1) (3.81)
using Eq.(3.80) to obtain,
ZU(1)N =
∑
ν1,...,νN−1
(
N−1∏
a=1
Q˜|νa|a
)
N−1∏
a=1
∏
(i,j)∈νa
θ1(τ ; aij)θ1(τ ; bij)
θ1(τ ; cij)θ1(τ ; dij)
, (3.82)
with
e2πi aij = y Q−1m q
−νta−1,j+i−
1
2 t−νa,i+j−
1
2 , e2πibij = y Q−1m q
νta+1,j−i+
1
2 tνa,i−j+
1
2 ,
e2πicij = qν
t
a,j−i tνa,i−j+1, e2πidij = q−ν
t
a,j+i−1 t−νa,i+j .
(3.83)
The above partition function is precisely the partition function of Eq.(3.56) if we
interchange t and q, take y = 1 and Q˜a = Qfa .
4 Elliptic Genus of M-strings
In this section we interpret the results of the computations done in section 3, using
the fact that topological string partition function is the same as the BPS partition
function. We start by reviewing the types of BPS states which we obtain by com-
pactifying the M5 brane theory on S1. The BPS states can be divided to two classes:
Those that are coming from tensor multiplets in 6d and their tower of KK modes,
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and those that arise due to wrapping of the strings around the circle. The latter
is the main focus for our work, but we also review how the KK tower shows up in
the topological string computation, and how we can normalize the topological string
partition function to be left entirely with the partition function of the suspended M2
branes and the corresponding wrapped M-strings. Turning our attention to wrapped
string states and their elliptic genus, we first study the case with two M5 branes and
a single M2 brane suspended between them. In this case we find that the theory on
the resulting string is as expected the sigma model on R4, and show how our BPS
formula agrees with this result. We then consider the case with two M2 branes sus-
pended between two M5 branes. One may naively expect the theory on the string to
be Sym2(R4), but it turns out not to be the case. We explain in detail the similarity
and the difference of our result with this expectation. Finally we explain how the
elliptic genus for n M2 branes suspended between 2 M5 branes can be related to
elliptic genus of a (4, 0) theory on Hilbn(R4) but where the right-moving fermions
are coupled to a bundle distinct from, but with the same Chern character as, the
tangent bundle. Finally we discuss the situation where we have more than two M5
branes. In this case we find that new bound states of wrapped strings can arise due
to compactification on the circle, and the BPS degeneracies do not factorize as prod-
uct of pairs of bound states (this is related to the fact that m 6= 0). We then discuss
the interpretation of our result in terms of domain walls formed between different
numbers of M2 branes ending on the same M5 branes. Our computations lead to the
elliptic genus of these 2d domain walls. Finally we consider special values of m and
in particular when m = ±1
2
(ǫ1 + ǫ2) and confirm that our partition function agrees
with the elliptic genus of (4, 4) An quiver theories (at least for some of the A1 cases
we checked).
4.1 Sigma model, BPS states and elliptic genus
Beginning with the case of the single M5 brane let us try to understand in detail
the physical meaning of the partition functions calculated in the last section. We
are interested in identifying the BPS particles and understanding their multiplicities.
These have two sources: BPS states which come from particles in six dimensions, and
BPS states which come from BPS strings in six dimensions wrapped around the S1.
For a single M5 brane the only 5d BPS states come from particles in 6 dimensions
[12] as we review next.
4.1.1 Single M5 brane and Z(1)
Consider the case of a single M5 brane wrapped on the circle. As mentioned in the
last section the six dimensional theory on the M5 brane has a tensor multiplet which
consists of a self-dual two form field, four symplectic Majorana-Weyl spinors and
five real scalar fields. Compactification of the M5 brane on the S1 then gives the
Kaluza-Klein modes of the tensor multiplet in five dimensions. There will be two
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kinds of multiplets in five dimensions, the massless and the massive. The little group
of massless particles in five dimensions is Spin(3) = SU(2) and the little group of
massive particle in five dimensions is Spin(4) = SU(2)L×SU(2)R. If the radius of the
circle is R then there will be a massive multiplet, Φk, for each k ∈ Z, k 6= 0 with mass
|k|
R
. For each k the fields in the massive multiplet (which is actually (2, 0) multiplet
of the N = 2 supersymmetry in five dimensions) are in the following representation
SU(2)L × SU(2)R : Φk = (1, 0)⊕ 4
(
1
2
, 0
)
⊕ 5 (0, 0) . (4.1)
The massless multiplet, Φ0, (which is the five dimensional vector multiplet containing
the massless vector field) is given by
Spin(3) : Φ0 = (1)⊕ 4
(
1
2
)
⊕ 5 (0) . (4.2)
Now consider the topological string partition function corresponding to the geometry
X1 with toric diagram given by Fig. 4 for N = 1. This geometry is dual to the brane
web in which we have a single M5 brane wrapped on a circle with a mass deformation
m. In the limit m 7→ 0 we get the N = 2 SYM in five dimensions. The topological
string partition function for this geometry is given by [28] ,
Z(1) = M(t, q)
∞∏
k=1
(1−Qkτ )−1
∞∏
i,j=1
(1−Qk−1τ Qm qi−
1
2 tj−
1
2 )(1−Qk−1τ Q1qi−
1
2 tj−
1
2 )
(1−Qkτqitj−1)(1−Qkτqi−1tj)
,
(4.3)
where M(t, q) =
∏∞
i,j=1(1 − qitj−1)−1, Qm = e2πim and Q1Qm = Qτ = e2πiτ with
τ = 1
R
.
Recall that in M-theory compactification on a Calabi-Yau threefold the massive
particles in five dimensions, classified by the little group SU(2)L × SU(2)R, come
from M2 branes wrapping the holomorphic curves. The topological string partition
function of a Calabi-Yau threefold contains the information about the spin content
of these BPS particles [8, 9]. The refined topological string partition function can be
written in terms of BPS multiplicities as follows [8–10]:
Z(ω, q, t) =∏
Σ∈H2(X,Z)
∏
jL,jR
+jL∏
kL=−jL
+jR∏
kR=−jR
∞∏
i,j=1
(
1− qkL−kR+i− 12 tkL+kR+j− 12 e−
∫
Σ ω
)(−1)2jL+2jR NjL,jR (Σ)
= exp
(
−
∞∑
n=1
F (nω, qn, tn)
n(q
n
2 − q−n2 )(tn2 − t−n2 )
)
,
where
F (ω, q, t) =
∑
Σ∈H2(X,Z)
∑
jL,jR
∑
kL,kR
e−
∫
Σ
ω (−1)2jL+2jR NjL,jR(Σ)TrjL (q t)
jL,3
2 TrjR
(q
t
) jR,3
2
(4.4)
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and NjL,jR(Σ) is the number of particles with charge Σ and SU(2)L×SU(2)R repre-
sentation (jL, jR) and ω is the complexified Ka¨hler class of X . Comparing Eq.(4.3)
and Eq.(4.4) we see that,
FU(1) + FU(1) = Qm +Q
−1
m −
√
q
t
−
√
t
q︸ ︷︷ ︸
massless
+
∞∑
k∈Z,k 6=0
Qkτ
[
(Qm +Q
−1
m )− (
√
q t+
1√
q t
)
]
︸ ︷︷ ︸
massive
.
In the limit m 7→ 0 we see that the massless and the massive multiplets are in the
following representation of the SU(2)L × SU(2)R,
massless :
(
0,
1
2
)
⊕ 2 (0, 0) , (4.5)
massive :
(
1
2
, 0
)
⊕ 2 (0, 0) .
This, however, is not the complete story. We need to take into account the universal
half-hypermultiplet associated with the position of the particle to get the full Spin(4)
content [9]. Tensoring the above with the half hypermultiplet (1
2
, 0)⊕ 2(0, 0) we get
massless :
((
1
2
, 0
)
⊕ 2 (0, 0)
)
⊗
((
0,
1
2
)
⊕ 2 (0, 0)
)
=
(
1
2
,
1
2
)
⊕ 2
(
1
2
, 0
)
⊕ 2
(
0,
1
2
)
⊕ 4 (0, 0) 7→ (1)⊕ 4
(
1
2
)
⊕ 5 (0) ,
massive :
((
1
2
, 0
)
⊕ 2 (0, 0)
)
⊗
((
1
2
, 0
)
⊕ 2 (0, 0)
)
= (1, 0)⊕ 4
(
1
2
, 0
)
⊕ 5 (0, 0) .
This is precisely the spin content of the massless and the massive modes of the tensor
multiplet on the circle given in Eq.(4.1) and Eq.(4.2).
4.1.2 One M2 brane suspended between two M5 branes
Recall the partition function we obtained for two M5 branes:
Z(2)(τ,m, tf , ǫ1, ǫ2) =
(
Z(1)(τ,m, ǫ1, ǫ2)
)2
×
∑
ν
(−Qf )|ν|
∏
(i,j)∈ν
θ1(τ ; zij) θ1(τ ; vij)
θ1(τ ;wij)θ1(τ ; uij)︸ ︷︷ ︸
Ẑ(2)(τ,m,tf ,ǫ1,ǫ2)
(4.6)
with the following definitions for the arguments of the θ-functions
e2πi zij = Q−1m q
νi−j+1/2 t−i+1/2, e2πi vij = Q−1m t
i−1/2 q−νi+j−1/2,
e2πi wij = qνi−j+1 tν
t
j−i, e2πi uij = qνi−j tν
t
j−i+1.
(4.7)
– 39 –
where q = e2πiǫ1, t = e−2πiǫ2 , Qm = e
2πim. We can interpret these contributions as
follows: The (Z(1))2 term captures the KK tower of states of the two tensor multiplets
we have in 6d, extending our discussion for the case of single M5 brane in the previous
section. The term Ẑ(2) we interpret as the contribution of BPS states coming from
M-strings which are wrapped around the circle. Moreover the term |ν| counts the
number of M-strings branes wrapping the circle. In particular we write
Ẑ(2)(τ,m, tf , ǫ1, ǫ2) =
∑
n
(−Qf )nẐ(2)n (τ,m, ǫ1, ǫ2)
where Ẑ
(2)
n corresponds to the partition function of n suspended and wrapped M2
branes between two M5 branes:
Ẑ(2)n =
∑
|ν|=n
∏
(i,j)∈ν
θ1(τ ; zij) θ1(τ ; vij)
θ1(τ ;wij)θ1(τ ; uij)
Considering the case of a single M2 brane, corresponding to n = 1 we have
Ẑ
(2)
1 =
θ1(τ ;−m+ (ǫ1 + ǫ2)/2) θ1(τ ;m+ (ǫ1 + ǫ2)/2))
θ1(τ ; ǫ1)θ1(τ ; ǫ2)
=
∞∏
k=1
(1−QkτQ±1m q1/2t−1/2)(1−Qk−1τ Q±1m q−1/2t1/2)
(1−Qkτ q)(1−Qk−1τ q−1)(1−Qnτ t−1)(1−Qn−1τ t)
(4.8)
where by±1 we mean to include one factor with each of the two signs. This expression
can be manifestly identified with the partition function of a sigma model on R4 where
the four fermionic oscillators in the numerator are twisted according to the Spin(4)R
twist parameters and the four bosonic oscillators in the denominator are twisted
according to the Spin(4) parameter, and represent the 4 directions parallel to the
M5 brane but perpendicular to the M2 brane. In particular the twists in the Cartan
of Spin(4)× Spin(4)R are
(ǫ1, ǫ2,−m+ (ǫ1 + ǫ2)/2, m+ (ǫ1 + ǫ2)/2)
This is also what we would have expected for the light-cone partition function of the
chiral Green-Schwarz string in 6 dimensions, where ǫi are identified with the Cartans
of SO(4) rotation group.
4.1.3 Two M2 branes suspended between two M5 branes
To extract the contribution from two M2 branes suspended between two M5 branes
we simply take the term |ν| = 2 in Eq.(4.6). The most naive expectation, as already
discussed is that this should correspond to sigma model on Sym2R4. Indeed this term
has some similarities to this expression, namely the ratio of the four theta functions
can be interpreted as that of eight fermionic oscillators and eight bosonic oscillators.
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However, the structure of the sum of the partitions and the corresponding charges of
the fermions are not what one may expect based on the symmetric product structure.
Namely, if one studies the elliptic genus of the 2-fold symmetric product of R4 one
finds
ZSym2(R4) =
1
2
((
1
1
+ g
1
)
+
(
1
g
+ g
g
))
=
1
2
[
Ẑ
(2)
1 (τ, ǫ1, ǫ2, m)
2 + Ẑ
(2)
1 (2τ, 2ǫ1, 2ǫ2, 2m)
+ Ẑ
(2)
1 (τ/2, ǫ1, ǫ2, m) + Ẑ
(2)
1 ((τ + 1)/2, ǫ1, ǫ2, m)
]
.
where g is the order two twist given by exchanging the two R4’s. However, surpris-
ingly enough we find
Ẑ
(2)
2 6= ZSym2(R4)!
The closest we can make this to look like the symmetric product partition function
is
Ẑ
(2)
2 =
1
2
((
1
1
− g
1
)
+
(
1
g
− g
g
)
· Y
)
=
1
2
(
(Ẑ
(2)
1 (τ, ǫ1, ǫ2, m)
2 − Ẑ(2)1 (2τ, 2ǫ1, 2ǫ2, 2m))
+(Ẑ
(2)
1 (τ/2, ǫ1, ǫ2, m)− Ẑ(2)1 ((τ + 1)/2, ǫ1, ǫ2, m))Y (τ, ǫ1, ǫ2)
)
, (4.9)
with
Y (Qτ , q, t) =
θ2(τ ; 0)θ2(τ ; ǫ1 + ǫ2)
θ2(τ ; ǫ1)θ2(τ ; ǫ2)
θ3(τ ;0)θ3(τ ;ǫ1+ǫ2)
θ3(τ ;ǫ1)θ3(τ ;ǫ2)
θ4(τ ;0)θ4(τ ;ǫ1+ǫ2)
θ4(τ ;ǫ1)θ4(τ ;ǫ2)
− 1
θ3(τ ;0)θ3(τ ;ǫ1+ǫ2)
θ3(τ ;ǫ1)θ3(τ ;ǫ2)
− θ4(τ ;0)θ4(τ ;ǫ1+ǫ2)
θ4(τ ;ǫ1)θ4(τ ;ǫ2)
,
where
θ2(τ ; z) = −θ1(τ ; z − 1/2),
θ3(τ ; z) = − exp(πi(−z + τ/4))θ1(τ ; z − 1/2− τ/2),
θ4(τ ; z) = i exp(πi(−z + τ/4))θ1(τ ; z − τ/2).
Note that this structure is not entirely a trivial rewriting of Ẑ
(2)
2 because Y does
not depend on m. So in particular the m dependence of Ẑ
(2)
2 is captured by the
symmetric product Hilbert space. It would be interesting to see if this structure can
be better understood.
Despite the fact that we could not write the Ẑ
(2)
2 in terms of the Hilb
2(R4) it
turns out there is a way to relate it to the sigma model on the same space but a
bundle different from the tangent bundle. We explain this in the next section, for
the general Ẑ
(2)
n case.
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4.1.4 Many M2 branes suspended between two M5 branes and E ⊕ E∗
(4,0) sigma model
As we have seen the description of the theory on n suspended M2 branes between
two M5 branes is close to a sigma model on Hilbn(R4). Whatever this theory is,
it should have (4, 4) supersymmetry. However, if one is only considering the (2, 0)
elliptic genus of this theory, any deformation of this theory which preserves (2, 0)
supersymmetry will yield the same elliptic genus. In this section we show that there
is a sigma model with (2, 0) supersymmetry whose elliptic genus exactly reproduces
the result we have found.
The sigma model we propose is on Hilbn(R4), but it is a (4, 0) model. As is
familiar in the context of heterotic string vacua this means that even though the
left-moving fermions are coupled to the tangent bundle, the right-moving fermions
are coupled to a different bundle V than the tangent bundle. In fact the bundle
that we find is V = E ⊕ E∗ where E is the n-dimensional complex tautological
bundle over the Hilbn(R4) already discussed. Note that V has the same dimension
as the tangent bundle. In fact more is true: It turns out that they are equivalent
K-theoretically [41]12. Therefore it is conceivable that V is continuously deformable
to the tangent bundle to Hilbn(R4). Before explaining the potential implication of
this statement let us see why the elliptic genus for this sigma model gives the same
answer as we have found. As already discussed in section 3, if we view the case of
two M5 branes as an elliptic version of the 5d supersymmetric U(1) gauge theory
with two fundamental matter multiplets of mass m, we saw that the contribution to
elliptic genus is obtained by counting the index of the bundle
EQτ,m =
∞⊗
k=0
∧
Q−1m Qkτ
(E ⊕E∗)∗ ⊗
∞⊗
k=1
∧
QmQkτ
(E ⊕E∗)⊗
∞⊗
k=1
SQkτT
∗
M ⊗
∞⊗
k=1
SQkτTM,
(4.10)
but this is exactly the elliptic genus of the (4, 0) theory coupled to E ⊕ E∗ bundle
(where the twisting by Qm is identified with right-moving fermion number, and the
actions of ǫ1,2 is inherited from its action on the R
4).
Now we attempt to demystify the appearance of a (4, 0) theory. The first question
is why does it have 1/2 the supersymmetry expected? This is explained by noting
that counting the BPS states for a 5d N = 1 supersymmetric gauge theory will
preserve only 4 supercharges, which is consistent with a (4, 0) theory. Indeed in this
context the above description of the index computation directly follows from the
instanton calculus. This is related to the fact that even if we turn off m = ǫi = 0
the theory is not really the compactification of the M5 brane theory on untwisted S1
12This observation should be relevant in verifying the anomaly cancellation of the 2d theory on
the M-string (see [46] for a related discussion).
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due to the fact that the geometry is not quite the product structure. To make it the
product structure we need to change the geometry which in the brane description
corresponds to lifting the horizontal brane off the two vertical branes (see Fig. 12).
m→ 0m
m
l
l l
Figure 12: The l-deformation of the brane system. In the first step the mass of the
adjoint hypermultiplet is sent to zero. Then the NS5 brane is removed from the D4
branes leaving a system with 16 preserved supercharges as l →∞.
It is conceivable that the separation of the horizontal brane from the vertical
branes is a deformation which deforms the E ⊕ E∗ bundle to T (Hilbn(R4)), in the
limit of infinite separation. One may then ask if this is indeed the case, why we
were not able to compute the elliptic genus using directly the tangent bundle of the
Hilbert scheme? The natural answer is that the only way to get a non-trivial answer
is to turn on m, ǫi in which case the action of these is not the same between the
tangent bundle and the E ⊕E∗ bundle. Of course we already knew that the actions
have to be different because even for a single M2 brane, the fermions transform in
the spinor representation of the Spin(4) which is different from the boson. So even
then we do not expect the action of these twistings to be the canonical action on
the tangent bundle. The surprise is that the answer is not the same as one would
obtain by considering the symmetric product theory which would have had a (4, 4)
supersymmetry.
4.1.5 Multiple M2 branes suspended between multiple M5 branes
For the case ofN M5 branes the degeneracy of BPS states is captured by the partition
function Eq.(3.56),
Ẑ(N)(τ,m, tfa, ǫ1, ǫ2) =
∑
ν1,...,νN−1
(
N−1∏
a=1
(−Qfa)|νa|
)
N−1∏
a=1
∏
(i,j)∈νa
θ1(τ ; z
a
ij) θ1(τ ; v
a
ij)
θ(τ ;waij)θ(τ ; u
a
ij)
(4.11)
with
e2πi z
a
ij = Q−1m q
νa,i−j+
1
2 tν
t
a+1,j−i+
1
2 , e2πi v
a
ij = Q−1m t
−νta−1,j+i−
1
2 q−νa,i+j−
1
2 ,
e2πiw
a
ij = qνa,i−j+1 tν
t
a,j−i, e2πi u
a
ij = qνa,i−j tν
t
a,j−i+1.
(4.12)
This is the refined topological string partition function of the Calabi-Yau three-
fold XN . In section 3.2.4 we showed that this partition function is also given by the
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index of a twisted Dirac operator coupled to the bundle VQτ ,y. If V was the holo-
morphic tangent bundle of M then we would be calculating the index of the Dirac
operator on the loop space ofM, i.e. the (2, 2) elliptic genus ofM [47]. However, as
we have seen in the last section V = E ⊕E∗ is not the holomorphic tangent bundle
and therefore the above partition function does not give the (2, 2) elliptic genus. To
put the calculation of the section 3.2.4 in a physical perspective recall that the theory
on the string which is the intersection of M2 branes and the M5 branes is a (2, 0)
two dimensional theory [48] with target space the Hilbert scheme of points on C2 or
product of such spaces for N > 2. The partition function of this theory on T 2 is the
(2, 0) elliptic genus where left handed fermions are sections of the tangent bundle
and the right handed fermions are sections of the bundle E ⊕ E∗ for N = 2. The
(2, 0) elliptic genus is given by,
Z(τ, y) = Tr (−1)F yJR qL0 qL0 , (4.13)
where JR is the conserved charge associated with the right U(1) symmetry. As in
section 3.2.4 if we denote by x˜i and xj the roots of the Chern polynomial of E ⊕E∗
and TM respectively then [49]13 ,
Z(τ, y) =
∫
M
d∏
j=1
xjθ1(τ ;−m+ x˜i)
θ1(τ, xj)
, (4.14)
= y−
d
2
∫
M
ch(EQτ ,Qm) Td(M)
=
∑
k,n
Qkτ Q
n− d
2
m χ(M, Vk,n)
where d = dimCM and
VQτ,y =
∞⊗
k=0
∧
−QmQ
k−1
τ
(E ⊕E∗)⊗
∞⊗
k=1
∧
−Q−1m Qkτ
(E ⊕E∗)∗ ⊗
∞⊗
k=1
SQkτT
∗
M ⊗
∞⊗
k=1
SQkτTM,
= ⊕k,nQkτ Qnm Vk,n .
This is precisely the calculation carried out in Eq.(3.81) for the target space
Hilbk1[C2]×Hilbk2[C2]× · · · ×HilbkN−1 [C2] and bundle V described in section 3.2.4
generalizing the holomorphic Euler characteristic χy(M, E ⊕ E∗) which appears in
the calculation of the partition function of the U(1) gauge theory with fundamental
hypermultiplets.
4.1.6 Factorisation from the topological string theory and KK surprise
The BPS states for more general AN−1 for N > 2 corresponding to N M5 branes are
interesting and teach us about the dynamics of these strings: If the M2 branes act
13Assuming rankE ⊕ E∗ = rank (TM) which will be the case for us.
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independently one would expect that answer for AN−1 to be obtainable from the A1
theory by considering arbitrary pairs of M5 branes. This is certainly the case before
compactification on S1. However, as we will see this is not the case after compactifi-
cation on S1 and there are new bound states of M2 branes stretched between different
pairs of M5 branes. In this section, we want to review the factorisation property of
the topological string partition function of the so-called strip geometry. We show
that the partition function ceases to factorize upon the partial compactification of
this geometry. The failure of such a factorisation is argued to indicate the existence
of new bound states of M-strings ‘glued’ by non-trivial momentum around the circle.
Q
f1
Q
f2
Qm
Qm
Qm
Q
f
Qm
Qm
Figure 13: The strip geometry for the SU(3) (left) and the geometry for the SU(2)
(right) theories.
The strip geometry in our setup is the half of the toric geometry that engineers
SU(N) gauge theory with N = 2∗. flavours14, it is depicted in Fig. 13. It is also the
same geometry as when we decompactify the sixth direction to zero size by taking
the limit Qτ → 0. Let us review the factorisation on a specific example, for the
SU(3) theory. The partition function can be computed using the refined topological
vertex,
ZSU(3)(Qf1, Qf2 , Qm) =
∞∏
i,j=1
(1−Qm t−i+ 12 q−j+ 12 )3(1−Qf1Qm t−i+
1
2 q−j+
1
2 )(1−Qf1Q−1m t−i+
1
2 q−j+
1
2 )
(1−Qf1t−i+1q−j)(1−Qf1t−iq−j+1)
×
∞∏
i,j=1
(1−Qf2Qm t−i+
1
2 q−j+
1
2 )(1−Qf2Q−1m t−i+
1
2 q−j+
1
2 )
(1−Qf2t−i+1q−j)(1−Qf2t−iq−j+1)
×
∞∏
i,j=1
(1−Qf1Qf2Qm t−i+
1
2 q−j+
1
2 )(1−Qf1Qf2Q−1m t−i+
1
2 q−j+
1
2 )
(1−Qf1Qf2t−i+1q−j)(1−Qf1Qf2t−iq−j+1)
. (4.15)
14We will refer to the strip geometries referring to the gauge group only.
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We previously pointed out that the partition function is invariant under the
different choices of the preferred direction although the functional form may vary.
The above factorized form is the result of our choice for the preferred direction along
the external legs of the toric diagram. The curve counting arguments suggest that
the factors appearing in the partition function can be grouped in such a way that the
partition function can be written in terms of SU(2) partition functions. The SU(2)
partition function is given by
ZSU(2)(Qf1 , Qm) =
∞∏
i,j=1
(1−Qm t−i+ 12 q−j+ 12 )2(1−Qf1Qm t−i+
1
2 q−j+
1
2 )(1−Qf1Q−1m t−i+
1
2 q−j+
1
2 )
(1−Qf1t−i+1q−j)(1−Qf1t−iq−j+1)
.
(4.16)
Comparing the two partition functions above, it is easy to see that they satisfy
ZSU(3)(Qf1 , Qf2, Qm) =
1
(1−Qm)3ZSU(2)(Qf1 , Qm)ZSU(2)(Qf2 , Qm)ZSU(2)(Qf1Qf2 , Qm),
(4.17)
where we have used the short-hand notation
1
(1−Qm)3 ≡
∞∏
i,j=1
1
(1−Qm t−i+ 12 q−j+ 12 )3
. (4.18)
A priori we do not have any reason to expect that the factorisation would be
lost when we partially compactify the geometry along the vertical external lines to
geometrically engineer N = 2∗ theory with the gauge group SU(3). However, there
is no choice of the preferred direction that would allow us to express the partition
function in terms of products as in the corresponding strip geometry. Therefore,
we are forced to compare the expansions in Ka¨hler parameters to see whether the
factorisation still holds. We observe that the N = 2∗ with SU(3) partition function
can be written (up to the pre-factor including only Qm) as
ZSU(3)(Qf1 , Qf2, Qτ , Qm) = ZSU(2)(Qf1, Qτ , Qm)ZSU(2)(Qf2, Qτ , Qm)
× ZSU(2)(Qf1Qf2 , Qτ , Qm)(1 + c(t, q)Qf1Qf2Qτ + . . .),
(4.19)
where c(t, q) is a non-vanishing and the (. . .) involve higher powers in Qf1 , Qf2 and
Qτ . Obviously, in the limit when Qτ → 0, the expansion reduces to 1 and we recover
the factorisation.
We can actually shed more light into this observation by isolating the same curves
from the SU(3) partition function and the products of the SU(2) partition functions.
We determine the BPS content that these curves give rise to. Let us start with the
curve Qf1Qf2Qτ . From the SU(3) partition function we obtain the following states(
1
2
, 0
)
⊕ 3
(
0,
1
2
)
. (4.20)
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On the other hand, we obtain from the products of the SU(2) partition functions(
0,
1
2
)
. (4.21)
for the same curve Qf1Qf2Qτ . Clearly, the SU(3) partition function includes more
states than the product of SU(2)’s. Let us work out another curve: (Qf1Qf2Qτ )
2.
This curve is particularly interesting since there are no new states appearing for the
product of SU(2)’s. This curve does not have any other contribution than the multi-
covering contributions. However, the BPS content for the SU(3) partition consists
of the following states(
1
2
, 2
)
⊕ 5
(
1
2
, 1
)
⊕ 3
(
1
2
, 0
)
⊕
(
0,
5
2
)
⊕ 6
(
0,
3
2
)
⊕ 10
(
0,
1
2
)
(4.22)
The difference in BPS spectrum originating from the same curves continues to hold
for higher degree curves. The above discussion can be extended for SU(N) partition
functions without any complications. We always have a smaller Hilbert space of
states originating from the factor partition functions.
The lack of factorisation is rather surprising. Let us try to understand the
implication of this observation from the point of view of the M-theory construction.
In the Coulomb branch of the SU(3) theory the three M5 branes are separated.
There are M2 branes stretched between them. In the case of the uncompactified x6
direction, the only bound states consist of the (13) strings, stretching between the
first and the third M5 branes, in addition to the (12) and the (23) strings. However,
once we compactify x6, the (13) strings are not the only bound states the topological
string partition function counts, there are additional states that we have found. The
momentum along the circle could account for the additional bound states and the
Qτ dependence of the partition function. Using the momentum along the circle we
have new junction states.
4.2 M5 branes as domain walls between M2 branes
The computation of the BPS partition function using the topological vertex (in the
second method discussed in section 3) can be reformulated as introducing a Hilbert
space whose basis is formed from arbitrary Young diagrams ν, with the identity
operator I =
∑
ν |ν〉〈νt|, and whose ‘Hamiltonian’ is H = |ν| and an operator D
whose matrix elements are given by Dνtµ(τ,m, ǫ1, ǫ2),
〈νt|D|µ〉 = Dνtµ(τ,m, ǫ1, ǫ2) = t−
‖µt‖2
2 q−
‖ν‖2
2 Q
− |ν|+|µ|
2
m
×
∞∏
k=1
∏
(i,j)∈ν
(1−QkτQ−1m q−νi+j−
1
2 t−µ
t
j+i−
1
2 )(1−Qk−1τ Qm qνi−j+
1
2 tµ
t
j−i+
1
2 )
(1−Qkτ qνi−j tν
t
j−i+1)(1−Qk−1τ q−νi+j−1 t−ν
t
j+i)
×
∏
(i,j)∈µ
(1−QkτQ−1m qµi−j+
1
2 tν
t
j−i+
1
2 )(1−Qk−1τ Qm q−µi+j−
1
2 t−ν
t
j+i−
1
2 )
(1−Qkτ qµi−j+1tµ
t
j−i)(1−Qk−1τ q−µi+jt−µ
t
j+i−1)
(4.23)
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Letting the βa = 2πi tfa where tfa label the fiber sizes are equivalently the sep-
aration of the M5 branes. In this language the partition function can be written
as
Ẑ(N) =
Z(N)
(Z(1))
N
= 〈0|De−β1HDe−β2HD · · · e−βN−1HD|0〉
where |0〉 is identified with the Young diagram of zero size. We would like to explain
the physical meaning of this expression.
The idea is very simple. As already noted, Z(N)/(Z(1))N is computing the parti-
tion function of the M2 branes stretched between M5 branes and wrapping a T 2 with
suitable twists along the cycles of T 2. So far we viewed the distance between the M5
branes as small compared to the size of the T 2. Since nothing depends on the relative
sizes of T 2 and the separation of M5 branes, we can take the opposite limit in which
we view the T 2 as small. This is shown in Fig. 14. In this case we get a reduction of
   




 

 

Figure 14: System of M2 branes and M5 brane induced domain walls. If we take
the size of the T 2 to be much smaller that the distance between the M5 branes then
the theory reduces down to dimensions d = 1. Again the M5 branes are depicted in
yellow and M2 branes in blue.
the M2 brane theory down to 1 dimension, where the time dimension is punctuated
by M5 branes where the M2 branes end on. So it is natural to identify the Hilbert
space of this one dimensional theory with the Hilbert space of the M2 brane on T 2.
In fact it has been argued that these vacua (at least in the mass deformed version
of the M2 brane theory, which is effectively what we have due to twistings along
the cycles of T 2) should correspond to partitions of n where n is the number of M2
branes [3–5]. This is in agreement with what we have found here. Moreover here H
is the energy of the ground state of M2 brane, which is 0, up to the addition of the
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M2 brane mass, given by the tension of the M2 brane times the size of T 2 which we
have effectively normalized to 1, times the number of the M2 branes. Thus H = |ν|
as we have here. The effect of the M5 brane domain wall reduced on T 2 should be an
operator acting on this 1 dimensional theory. So on this effective theory, we identify
D with this operator. Note that we are not fixing the number of M2 branes (i.e. the
size of the Young diagrams) on each interval and summing over all of them.
Another way to say this is that from the viewpoint of the M2 brane theory,
ending on M5 brane is like putting a particular boundary condition on the M2 brane
theory, as is familiar in the context of D-branes in 2d. More generally we can have a
number of M2 branes on one side of the M5 brane and another number of M2 branes
on the other. In this way we can view M5 brane as defining a domain wall separating
two different theories on the left and right of the domain wall with different number
of M2 brane on either side. In this set up we can view 〈νt|D|µ〉 as the partition
function of this domain wall which connects a particular vacuum of the M2 brane
theory labeled by νt on the left, to the vacuum labeled by µ on the right, compactified
and twisted on T 2 with complex structure τ and twist parameters (m, ǫ1, ǫ2). We can
also view D as an operator taking a vacuum of of the left M2 brane to a vacuum of
the right one.
One may expect the partition function Dνtµ to be modular. This turns out to
be only true, as discussed in Section 3, when we have the unrefined parameters.
Otherwise pairs of adjacent domain walls Dνtµ need to be included for it to be
modular. This can be interpreted as saying that the modular transformation acts
also on the boundary data at the other end of the M2 brane and only the combined
object should be invariant, which is the case.
4.3 Special limits of m and comparison with elliptic genus of AN−1 quiver
theories
As already noted we expect that the partition function for the elliptic genus simplifies
in special limits: Ifm = ±(ǫ1−ǫ2)/2 the supersymmetry enhances from (2, 0)→ (2, 2)
and the partition function becomes a constant. This expectation agrees with the
results we have, as already noted. On the other hand if m = ±(ǫ1 + ǫ2)/2, the
partition function vanishes again. However in this case the vanishing has nothing to
do with supersymmetry, but rather it has to do with the fact that the center of mass
of the string (in the absence of M5 brane) has an extra direction to move which leads
to a fermionic zero mode. Moreover, as already discussed, this is the case where we
have a description of M-strings in terms of AN−1 quiver theory. In particular for two
M5 branes we have the A1 quiver theory which for N suspended M2 branes is the
pure U(N) Yang-Mills theory with (4, 4) supersymmetry. It is equally true that the
elliptic genus of this theory also vanishes due to the U(1) ⊂ U(N). Moreover the
elliptic genus of the SU(N) theory does not vanish. It is therefore natural to factor
out the vanishing contribution of the U(1) piece from our computation and obtain
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the SU(N) result. Recall the expression we found for the partition function of two
M5 branes:
Z(2)(τ,m, tf , ǫ1, ǫ2) =
(
Z(1)(τ,m, ǫ1, ǫ2)
)2
×
∑
ν
(−Qf )|ν|
∏
(i,j)∈ν
θ1(τ ; zij) θ1(τ ; vij)
θ1(τ ;wij)θ1(τ ; uij)︸ ︷︷ ︸
Ẑ(2)(τ,m,tf ,ǫ1,ǫ2)
(4.24)
with the following definitions for the arguments of the θ-functions
e2πi zij = Q−1m q
νi−j+1/2 t−i+1/2, e2πi vij = Q−1m t
i−1/2 q−νi+j−1/2,
e2πiwij = qνi−j+1 tν
t
j−i, e2πi uij = qνi−j tν
t
j−i+1.
(4.25)
We can extract the contribution for two suspended M2 branes by considering the
|ν| = 2 term and we take the limit where m = (ǫ1 + ǫ2)/2, i.e. Qm = eiπ(ǫ1+ǫ2) to
obtain
Ẑ
(2)
2 =
θ1(τ ; 0)θ1(τ ;−ǫ1 − ǫ2)θ1(τ ; ǫ2)θ1(τ ;−ǫ1 − 2ǫ2)
θ1(τ ; ǫ1 − ǫ2)θ1(τ ; ǫ1)θ1(τ ;−ǫ2)θ1(τ ;−2ǫ2) (4.26)
+
θ1(τ ; 0)θ1(τ ; ǫ1)θ1(τ ;−2ǫ1 − ǫ2)θ1(τ ;−ǫ1 − ǫ2)
θ1(τ ; ǫ1)θ1(τ ; 2ǫ1)θ1(τ ;−ǫ2)θ1(τ ; ǫ1 − ǫ2) , (4.27)
where the first term is the contribution of ν = (1, 1) and the second term is the one
of ν = (2). As is manifest, the above expression vanishes due to the fermion zero
mode from the U(1) part of the partition function which in this limit becomes
Ẑ
(2)
1 →
θ1(τ ; 0)θ1(τ ; ǫ1 + ǫ2)
θ1(τ ; ǫ1)θ1(τ ; ǫ2)
Dividing15 both terms of the above expression by Ẑ
(2)
1 we get a theory which should
be the elliptic genus of the SU(2) partition function:
Ẑ
(2)
2
Ẑ
(2)
1
=
θ1(τ ; ǫ2)θ1(τ ; ǫ1 + 2ǫ2)
θ1(τ ; ǫ2 − ǫ1)θ1(τ ; 2ǫ2) +
θ1(τ ; ǫ1)θ1(τ ; 2ǫ1 + ǫ2)
θ1(τ ; 2ǫ1)θ1(τ ; ǫ1 − ǫ2) (4.28)
Notice that in the limit ǫ1 → 0 the above expression becomes a constant, inde-
pendent of the modulus. This is consistent with the fact that in the limit m = ǫ2,
ǫ1 = 0 we have a (2, 2) supersymmetric index, and so it should be independent of
the modulus of T 2.
15We can also consider instead an insertion of FL in the elliptic genus to absorb the extra fermionic
zero mode of the U(1) which has the effect of replacing the vanishing theta function with its
derivative.
– 50 –
Eq.(3.50) gives our prediction for the SU(N) elliptic genus (m = ± ǫ1+ǫ2
2
),
Ẑ
(2)
N
Ẑ
(2)
1
=
∑
|ν|=N
∏
(i,j)∈ν,(i,j)6=(1,ν1)
θ1(τ ; zij) θ1(τ ; vij)∏
(i,j)∈ν,(i,j)6=(ℓ(ν),νℓ(ν))
θ1(τ ;wij)θ1(τ ; uij)
, (4.29)
where we identify
zij = (νi − j)ǫ1 + (i− 1)ǫ2 , vij = −(νi − j + 1)ǫ1 − i ǫ2 ,
wij = (νi − j + 1)ǫ1 − (νtj − i)ǫ2 , uij = (νi − j)ǫ1 − (νtj − i+ 1)ǫ2 .
(4.30)
For N = 3 the above gives,
Ẑ
(2)
3
Ẑ
(2)
1
=
θ(τ ; 2ǫ1)θ(τ ; 3ǫ1 + ǫ2)θ(τ ; ǫ1)θ(τ ; 2ǫ1 + ǫ2)
θ(τ ; 3ǫ1)θ(τ ; 2ǫ1 − ǫ2)θ(τ ; 2ǫ1)θ(τ ; ǫ1 − ǫ2) + (4.31)
θ(τ ; ǫ1)θ(τ ; 2ǫ1 + ǫ2)θ(τ ; ǫ2)θ(τ ; ǫ1 + 2ǫ2)
θ(τ ; 2ǫ1 − ǫ2)θ(τ ; ǫ1 − 2ǫ2)θ(τ ; ǫ1)θ(τ ;−ǫ2) +
θ(τ ; ǫ2)θ(τ ; ǫ1 + 2ǫ2)θ(τ ; 2ǫ2)θ(τ ; ǫ1 + 3ǫ2)
θ(τ ; ǫ1 − 2ǫ2)θ(τ ; 3ǫ2)θ(τ ; ǫ1 − ǫ2)θ(τ ; 2ǫ2) .
These predictions are to be compared with the elliptic genus of (4, 4) supersym-
metric Yang-Mills for SU(N) theory as computed using the results [6, 7]16. The
elliptic genus result for U(N) as computed in [7] reads as follows
I(N) =
∑
|ν|=N
∏
(i1,j1)∈ν,(i2,j2)∈ν
θ1(τ ; ǫ1(i2 − i1) + ǫ2(j2 − j1))
θ1(τ ; ǫ1(1 + i2 − i1) + ǫ2(j2 − j1))
×
∏
(i1,j1)∈ν,(i2,j2)∈ν
θ1(ǫ1(1 + i2 − i1) + ǫ2(1 + j2 − j1))
θ1(ǫ1(i2 − i1) + ǫ2(1 + j2 − j1)) . (4.32)
The expressions look slightly different, however, we have checked that they indeed
agree at least for N ≤ 10. This gives a satisfactory confirmation of the overall picture
we have and the connection between BPS degeneracies computed by the topological
strings and the elliptic genus of M-strings.
5 M5 brane partition function on S4 × T 2 and S5 × S1
We now turn to the computation of the M5 brane partition functions on S4 × T 2
and S1 × S5, along the lines of [12, 50]. Before discussing the explicit calculations,
let us briefly review the relation between refined topological string theory and five-
dimensional gauge theories. Recall [18] that refined topological string theory on a
Calabi-Yau threefold X is equivalent to M-theory on
Mǫ1,ǫ2 = (C
2 × S1)ǫ1,ǫ2 ×X. (5.1)
16This was computed and communicated to us for the SU(2) case by K. Hori and for the SU(N)
case by A. Gadde and S. Gukov.
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The C2 is fibered non-trivially over S1 in a way that as one goes around the cir-
cle the coordinates parameterizing C2 are rotated by (z1, z2) → (e2πiǫ1z1, e2πiǫ2z2),
and simultaneously one performs a twist on X in order to preserve supersymmetry.
Moreover, more precisely C2 should be viewed as the Taub-NUT space. At the level
of partition functions, the following statement holds
Ztop(ti, mj; ǫ1, ǫ2) = ZM−theory(Mǫ1,ǫ2), (5.2)
where we are denoting by ti the normalizable Ka¨hler parameters of X and mj are
the non-normalizable Ka¨hler parameters. The parameters ǫ1, ǫ2 play the roles of cou-
plings of the refined topological string theory, and in the limit ǫ1+ǫ2 → 0 one recovers
the unrefined topological string, whose coupling constant is given by gs = ǫ1 = −ǫ2.
Upon compactification on X , for choices of internal geometry that geometrically en-
gineer a gauge theory [40], the M-theory partition function is identified with the 5d
gauge theory partition function with equivariant parameters (ǫ1, ǫ2) and one arrives
at the following statement:
Ztop(ti, mj; ǫ1, ǫ2) = Z1−loop(ti, mj; ǫ1, ǫ2)ZNekrasov(ti, mj ; ǫ1, ǫ2), (5.3)
where Z1−loop and ZNekrasov capture, respectively, the perturbative and instanton con-
tributions to the gauge theory partition function. From the gauge theory perspective,
the ti parameterize the Coulomb branch, while the mj correspond to hypermultiplet
masses.
As we will review in more detail below, the topological string can be used as a
building block to compute the partition function of such superconformal theories on
certain compact geometries. In particular, the SCFT partition function on S4 × S1
is given simply by
ZS4×S1 =
∫ (∏
i
dti
)
Ztop Ztop, (5.4)
while the partition function on S5 is given by the integral of three factors of Ztop,
with appropriate choices of parameters:
ZS5 =
∫ (∏
i
dti
)
Ztop Z
′
top Z
′′
top. (5.5)
Since the five-dimensional gauge theories we are investigating in the present con-
text come from compactifying the worldvolume theory of N M5 branes on a circle,
Eq.(5.4) and Eq.(5.5) produce respectively the partition function of N M5 branes on
S4×T 2 and S5×S1. The latter partition function corresponds to the superconformal
index of M5 branes.
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5.1 Partition function on S4 × T 2
We are interested in computing the partition function of a supersymmetric gauge
theory on S4 × S1 , where the fields of the theory are twisted in an appropriate
way along the S1. For superconformal theories, this is equivalent to computing the
five-dimensional superconformal index
I5d = Tr (−1)F qJ12−Rt−(J34−R)
∏
j
z
fj
j , (5.6)
where J12, J34 are the generators of rotations of the two planes in S
4 and fi are
generators of flavor symmetries. It was argued in [50] that
I5d =
∫ 1
0
(∏
i
dti
)∣∣Ztop(ti, mj , ǫ1, ǫ2)∣∣2. (5.7)
In the subset of theories corresponding to gauge theories this naturally from com-
pactifying on S1 and following Pestun’s computation of the gauge theory partition
function on S4 [51]:
ZgaugeS4 =
∫
Cartan
d~a Z1−loopS4 |ZgaugeR4 |2. (5.8)
where appearing in the integrand is the 4d Nekrasov partition function. The form
of this expression follows from the fact that instanton contributions to the partition
function localize to the north and south poles of the four-sphere (the fixed points of
the J12 and J34 rotations). In fact, the factor of |Ztop|2 correctly accounts for both
the instanton factors and the perturbative determinant. Furthermore, it is expected
that an analog of the AGT relation [52] holds in the five-dimensional case under con-
sideration (see for example [53, 54]) in which the factors appearing in the integrand
are related the correlation functions of a q-deformed version of Toda theory. Let
us now use this prescription to compute the partition function of N M5 branes on
S4 × T 2.
Single M5 brane: Let us rewrite the partition function for a single M5 brane on
R4 × T 2 as
Z
(1)
R4×T 2(τ,m, ǫ1, ǫ2) =
1
η(τ)
∞∏
i,j=0
θ1(τ ;−m+ ǫ1(i+ 1/2)− ǫ2(j + 1/2))
θ1(τ ; iǫ1 − (j + 1)ǫ2) ; (5.9)
To obtain this expression from Eq.(4.3) we used the identity
∏∞
j=0(1 − Axp) =∏∞
p=0(1− Ax−p−1)−1 and multiplied Eq.(4.3) by a factor of
Q−1/24τ
∞∏
i,j=0
e−πi(m−ǫ1/2−ǫ2/2) = exp
[
πi
(
− τ
12
+
1
2
(
m− ǫ1 + ǫ2
2
))]
, (5.10)
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which we interpret as gravitational contributions to the genus 1 piece of the topolog-
ical string partition function. As in section 3.2, we can turn each theta function into
a modular function by replacing E2(τ) by its non-holomorphic counterpart Ê2(τ, τ¯)
in its Eisenstein series representation. Thus Eq.(5.9) becomes a weight −1/2 Jacobi
form, η(τ)−1 being the only non-constant piece under τ → −1/τ . The partition
function on S4 × T 2 is obtained simply by taking two copies of Z(1)
R4×S1
17:
Z
(1)
S4×T 2(τ, τ¯ , m, m¯, ǫ1, ǫ¯1, ǫ2, ǫ¯2) =
∣∣Z(1)(τ,m, ǫ1, ǫ2)∣∣2. (5.11)
We immediately see that Eq.(5.11) transforms as a weight (−1/2,−1/2) Jacobi form:
Z
(1)
S4×T 2(−1/τ,−1/τ¯ ,m/τ, m¯/τ¯ , . . . ) = τ−1/2τ¯−1/2Z(1)S4×T 2(τ, τ¯ , m, m¯, . . . ). (5.12)
Note that this can be made modular invariant by dividing by
√
τ2.
Multiple M5 branes: Recall that the partition function forN M5 branes on R4×T 2
is given by Eq.(3.55), which we repeat here for convenience:
Z
(N)
R4×T 2(τ,m, , tfa, ǫ1, ǫ2) =
(
Z
(1)
R4×T 2(τ,m, , tfa, ǫ1, ǫ2)
)N
Ẑ(N)(τ,m, tfa , ǫ1, ǫ2), (5.13)
where
Ẑ(N)(τ,m, tfa, ǫ1, ǫ2) =
∑
ν1,...,νN−1
(−Qf1)|ν1| · · · (−QfN−1)|νN−1|
N−1∏
a=1
∏
(i,j)∈νa
θ1(τ ; z
a
ij)θ1(τ ; v
a
ij)
θ1(τ ;waij)θ1(τ ; u
a
ij)
,
(5.14)
with zaij , . . . defined as in Eq.(3.55). We can again make this into a modular form
by replacing E2(τ) by E2(τ, τ¯ ) for each theta function. Then the partition function
on S4 × T 2 is simply given by
Z
(N)
S4×T 2 =
(
Z
(1)
S4×T 2
)N ∮ N−1∏
a=1
dQfa
2πiQfa
∣∣Ẑ(N)(τ,m, tfa , ǫ1, ǫ2)∣∣2, (5.15)
where the integrals are to be performed along the unit circle. The integrand is now
invariant under (τ,m, ǫ1, ǫ2) → (−1/τ,m/τ, ǫ1/τ, ǫ2/τ), and ZU(N)S4×T 2 transforms as a
modular form of weight (−N/2,−N/2), which can again be made modular invariant
by dividing by τ
N/2
2 .
17Both factors of Z(1) contributing to the partition function are convergent for Im(τ) > 0, since
both |Qτ | < 1 and |Q−1τ¯ | = |e−2πiτ¯ | < 1.
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5.2 The index for multiple M5 branes
Analogously to the S4 × S1 case, it was argued in [12] that one can use the refined
topological string partition function as a building block to compute the partition
function of any superconformal theory on a squashed five-sphere, whose geometry is
captured by the equation
ω21|z1|2 + ω22|z2|2 + ω23|z3|2 = 1. (5.16)
Conformal invariance implies that one can capture the squashing of the five-sphere
in terms of just two parameters ǫ1 = ω1/ω3, ǫ2 = ω2/ω3. Explicitly, we define the
following non-perturbative version of the refined topological string partition function:
Znp(ti, mj; ǫ1, ǫ2) = e
C(ti,mj ;ǫ1,ǫ2) Ztop(ti, mj; ǫ1 + 1, ǫ2)
× Ztop(ti/ǫ1, m/ǫ1; 1/ǫ1 + 1, ǫ2/ǫ1)Ztop(ti/ǫ2, m/ǫ2; ǫ1/ǫ2 + 1, 1/ǫ2),
(5.17)
where C(ti, mj ; ǫ1, ǫ2) is a cubic prefactor receiving contributions from the genus 0
and genus 1 parts of the topological string partition function.
Then the partition function of the theory is given simply by
ZS5(mj; ǫ1, ǫ2) =
∫
dti Znp(ti, mj ; ǫ1, ǫ2). (5.18)
We can use this fact to compute the superconformal index for N M5 branes,
I(2,0)(q1,q2,q,Qm) = Tr (−1)FqJ12−R11 qJ34−R12 qJ56−R1QR2−R1m , (5.19)
where J12, J34, J56 are the generators of SO(6) rotations acting on S
5, while R1 and
R2 are generators of the Sp(4) R-symmetry group, and the trace is over the Hilbert
space obtained from radial quantization of the (2, 0) theory. Following the discussion
in [12], this index is equal to the squashed five-sphere partition function of the 5d
theory obtained by compactifying the (2,0) theory on a circle, and the parameters
q,q1,q2,Qm are related to the 5d gauge theory parameters in the following way:
q = exp(−2πi/τ), q1 = exp(2πiǫ1/τ), q2 = exp(2πiǫ2/τ), Qm = exp(2πim/τ).
In the case of a single M5 brane, it was observed that, surprisingly, the 6d index
is identical to the 5d partition function, after performing a modular transformation
with respect to τ on the 5d parameters18:
I
(1)
(2,0)(q1,q2,q,Qm) = Z
(1)
R4×S1(−1/τ,m/τ, ǫ2/τ, ǫ1/τ). (5.20)
18Recall that to obtain the S5 partition function we are required to shift one of the equivariant
parameters by 1; since fractional powers of q appear, this leads to sign changes in some terms of
the partition function.
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In the case of N M5 branes, the partition function involves an integral over the
Coulomb branch parameterized by (t1, . . . , tN−1).
In addition to the classical prefactor, we need to include the three factors of the
topological string partition function Eq.(5.13):
I
(N)
(2,0) =
∫
dti e
C(ti,mj ;ǫ1,ǫ2)
[
Z
(N)
R4×S1(τ,m, ti, ǫ1 + 1, ǫ2)
× Z(N)
R4×S1(τ/ǫ1, m/ǫ1, ti/ǫ1, 1/ǫ1 + 1, ǫ1/ǫ2)
× Z(N)
R4×S1(τ/ǫ2, m/ǫ2, ti/ǫ2, ǫ1/ǫ2 + 1, 1/ǫ2)
]
=
(
Z(1)(−1/τ,m/τ, ǫ2/τ, ǫ1/τ + 1)
)N
×
∫
dti e
C(ti,mj ;ǫ1,ǫ2)
[
ẐU(N)(τ,m, ti, ǫ1 + 1, ǫ2)
× Ẑ(N)(τ/ǫ1, m/ǫ1, ti/ǫ1, 1/ǫ1 + 1, ǫ1/ǫ2)
× Ẑ(N)(τ/ǫ2, m/ǫ2, ti/ǫ2, ǫ1/ǫ2 + 1, 1/ǫ2)
]
.
We are left with a (N − 1)-dimensional integral. It would be interesting to perform
this integral explicitly and study the properties of the six-dimensional index in more
detail.
5.2.1 Comparison with the localization computation
The index of N M5 branes has also been computed in [13] by localization of the
gauge theory partition function on S5 coming from Scherk-Schwarz reduction of the
worldvolume theory of the M5 branes. The aim of this section is to show that our
computation is equivalent to the one presented there. This is the case despite the fact
that the authors of [13] consider a different squashing of S5: while the deformation
parameters we consider enter the equation defining the five-sphere,
ω21|z1|2 + ω22|z2|2 + ω23|z3|2 = 1 (5.21)
(this type of geometry is also frequently denoted as the ellipsoid), the computation
of [13] is for a round sphere
|z1|2 + |z2|2 + |z3|2 = 1 (5.22)
with a non-trivial metric obtained by Scherk-Schwarz reduction of the 6d theory on
a circle of radius r, which depends on three squashing parameters a, b, c satisfying
the constraint a+ b+ c = 0. The round sphere limit for them corresponds to setting
a = b = c = 0. The equality of the partition functions for these two geometries is
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akin to the fact that the 3d partition functions for the three-dimensional squashed
sphere [55] and ellipsoid [56] turn out to be identical.
To compare results, we make the following identification between our parameters
and the ones appearing in [13] (the squashing parameters (a, b, c), Coulomb branch
parameters (λ1, . . . , λN), hypermultiplet mass µ, and dimensionless 5d gauge coupling
β = g5dY M/2πr):
ǫ1 =
1 + a
1 + c
, ǫ2 =
1 + b
1 + c
, tα =
iλα
1 + c
, m =
µ
1 + c
, τ =
2πi
β(1 + c)
. (5.23)
Then the partition function computed in [13] is
1
N !
∫
R
( N∏
α=1
dλα
)
Zcl ZpertZinst, (5.24)
where Zcl and Zinst are given, respectively, in equations (2.22) and (2.50) of [13],
while Zpert can be obtained from equations (2.57), (2.59) and was also computed in
[57]. Written in our variables, the classical piece of the integrand is
Zcl = e
−2πi
τ
∑
t2α
2ǫ1ǫ2 . (5.25)
The perturbative determinant can be expressed in terms of the triple sine function
S3(z|ω1, ω2, ω3) as19:
Zpert =
(
S3(0|1 + a, 1 + b, 1 + c)
S3(µ+
3
2
|1 + a, 1 + b, 1 + c)
)N
× (5.26)
∏
α>β
S3(iλα − iλβ |1 + a, 1 + b, 1 + c)S3(iλα − iλβ + 3|1 + a, 1 + b, 1 + c)
S3(iλα − iλβ + µ+ 32 |1 + a, 1 + b, 1 + c)S3(iλα − iλβ − µ+ 32 |1 + a, 1 + b, 1 + c)
,
where we have used the fact that S3(−z|ω1, ω2, ω3) = S3(ω1+ω2+ω3+ z|ω1, ω2, ω3).
The N massless vector multiplets contribute N simple zeros which are removed by
replacing S3(0|1+ a, 1+ b, 1+ c)N by
(
∂λαS3(iλα|1+ a, 1+ b, 1+ c)|λi=0
)N
. Since the
triple sine function is invariant under rescaling,
S3(z|ω1, ω2, ω3) = S3(z/ω3|ω1/ω3, ω2/ω3, 1), (5.27)
we can rewrite the perturbative determinant in terms of our variables as
Zpert =
(
S3(0|ǫ1, ǫ2, 1)
S3(m+
1+ǫ1+ǫ2
2
|ǫ1, ǫ2, 1)
)N
(5.28)
×
∏
α>β
S3(tα − tβ|ǫ1, ǫ2, 1)S3(tα − tβ + ǫ1 + ǫ2 + 1|ǫ1, ǫ2, 1)
S3(tα − tβ +m+ 1+ǫ1+ǫ22 |ǫ1, ǫ2, 1)S3(tα − tβ −m+ 1+ǫ1+ǫ22 |ǫ1, ǫ2, 1)
.
19We refer to Appendix A of [12] for the definition and basic properties of the triple sine function.
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Note that, in this normalization, removing the zero mode corresponds to substituting(
S3(0|ǫ1, ǫ2, 1)
)N → (∂tαS3(tα|ǫ1, ǫ2, 1))N (5.29)
and replacing the integration measure in Eq.(5.24) with
∏N
α=1 dtα, in accordance with
the prescription of [12]. The perturbative determinant can be written in factorized
form as
Zpert =
Z0 Zˆpert(tα, m, ǫ1, ǫ2)
Zˆpert(
tα
ǫ1
, m
ǫ1
,− 1
ǫ1
, ǫ2
ǫ1
) Zˆpert(
tα
ǫ2
, m
ǫ2
, ǫ1
ǫ2
,− 1
ǫ2
)
, (5.30)
where
Z0 = exp
[
πiN
(
m3
6ǫ1ǫ2
−
(
1
ǫ1ǫ2
+
ǫ1
ǫ2
+
ǫ2
ǫ1
)
m
24
+
(1 + ǫ1 + ǫ2)(ǫ1ǫ2 + ǫ1 + ǫ2)
24ǫ1ǫ2
)]
(5.31)
and
Zˆpert(tα, m, ǫ1, ǫ2) =
(
M(t, q)∏∞
j=1(1− tj)
)N ∞∏
j,k=0
(1 +Qmq
j+1/2tk+1/2)N
×
∏
α>β
∞∏
j,k=0
(1 + e2πi(tα−tβ)Qmq
j+1/2tk+1/2)(1 + e2πi(tα−tβ)Q−1m q
j+1/2tk+1/2)
(1− e2πi(tα−tβ)qjtk+1)(1− e2πi(tα−tβ)qj+1tk) . (5.32)
Combining Z0 and Zcl we find the prefactors
20
exp
[
−2πi
(
τ
∑
t2α
2ǫ1ǫ2
− Nm
3
12ǫ1ǫ2
+
Nm
48
(
1
ǫ1ǫ2
+
ǫ1
ǫ2
+
ǫ2
ǫ1
))
+ const
]
(5.33)
Also, Zˆpert is precisely the contribution to the topological string partition function
coming from M2 branes that do not wrap the elliptic fiber (including constant maps,
which are responsible for the factor of (M(t, q)/
∏∞
j=1(1− tj))N as reviewed in [12]).
Note that, by using analytic continuation, we can write the perturbative piece as
Zˆpert(tα, m, ǫ1, ǫ2)
/(
Zˆpert(
tα
ǫ1
,
m
ǫ1
,− 1
ǫ1
,
ǫ2
ǫ1
) Zˆpert(
tα
ǫ2
,
m
ǫ2
,
ǫ1
ǫ2
,− 1
ǫ2
)
)
∼ Zˆpert(tα, m, ǫ1, ǫ2)Zˆpert(tα
ǫ1
,
m
ǫ1
,
1
ǫ1
,
ǫ2
ǫ1
) Zˆpert(
tα
ǫ2
,
m
ǫ2
,
ǫ1
ǫ2
,
1
ǫ2
). (5.34)
Finally, Zinst also consists of three factors:
Zinst = Z
(a)
instZ
(b)
inst Z
(c)
inst, (5.35)
20This is consistent with what one would expect in the topological string context with the triple
intersection coefficients Cτtαtα = 1 and Cmmm = −N/2, as well as
∫
c2 ∧m = −N .
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where
Z
(c)
inst =
∞∑
k=0
e2πiτk
∑
|ν1|+···+|νN |=k
Z
(c)
~ν (τ, tα, m, ǫ1, ǫ2); (5.36)
the two other factors Z
(a),(b)
inst in the instanton piece are obtained by permuting (a, b, c),
which corresponds respectively to taking (ǫ1, ǫ2, τ, . . . ) → (1/ǫ1, ǫ2/ǫ1, τ/ǫ1, . . . ) and
(ǫ1, ǫ2, τ, . . . ) → (ǫ1/ǫ2, 1/ǫ2, τ/ǫ2). Eq.(5.36) involves a sum over collections of N
Young diagrams ν1, . . . , νN such that the total number of boxes is k, and with a little
effort one can rewrite the expression for Z
(c)
~ν that appears in [13] as
Z
(c)
~ν =
N∏
α,β=1
∏
(i,j)∈να
(1 +Q−1m Qαβ q
να,i−j+1/2tν
t
β,j
−i+1/2)(1 + QmQαβ q
να,i−j+1/2tν
t
β,j
−i+1/2)
(1−Qαβ qνα,i−jtνtβ,j−i+1)(1−Qαβ qνα,i−j+1tνtβ,j−i)
,
(5.37)
where Qαβ = e
2πi(tα−tβ), provided that we shift λα → −iλα in equation (2.48) of [13].
This can be rewritten as
(−Qm
√
t/q)−Nk
N∏
α,β=1
[ ∏
(i,j)∈νβ
1 +QmQαβ q
−(νβ,i−j+1/2)t−(ν
t
α,j−i+1/2)
1−Qαβ q−(νβ,i−j)t−(νtα,j−i+1)∏
(i,j)∈να
1 +QmQαβ q
να,i−j+1/2tν
t
β,j
−i+1/2
1−Qαβ qνα,i−j+1tνtβ,j−i
]
. (5.38)
It is easy to see that Eq.(5.36) is identical to Eq.(3.26), provided that in Eq.(3.26)
we take y = Qm
√
t/q and Q˜ = Qτy
−N and use invariance of the Nekrasov partition
function under (ǫ1, ǫ2)→ (ǫ2, ǫ1). The two equations are in complete agreement once
we shift ǫ1 → ǫ1 + 1 in the Nekrasov partition function. Thus we find that Zˆpert
and Z
(c)
inst precisely combine into Ztop(τ, tα, m, ǫ1 + 1, ǫ2), and indeed the partition
function we compute agrees with the one in [13], up to an overall factor of 1/N !
which is simply explained by the choice of region of integration.
6 Directions for Future Research
In this paper we have shown how to compute the supersymmetric partition function
for M-strings on T 2. We have found a number of interesting structures and insights
about the nature of M-strings. In particular we have seen the similarities and the
differences between the theory seen by N copies of M-strings as compared to the N-
fold symmetric product of R4. We have computed the partition function of domain
walls induced by M5 branes which separates a number of M2 branes. We have also
seen how M-strings can form new bound states when they wind around a circle.
There are a number of remaining issues that need to be better understood: The
theory of M-strings should enjoy a (4, 4) supersymmetry. However we have not been
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able to find a (4, 4) supersymmetric theory which for generic choices of twistings
along cycles of T 2 leads to the elliptic genus of M-strings. Instead we have seen that
there is a (4, 0) theory which can accomplish this task. On the other hand, we have
shown that, as expected, on a codimension one subspace of twistings along cycles of
T 2 the anticipated (4, 4) quiver theory does lead to the correct answer for the elliptic
genus.
The (4, 0) theory that we found was obtained by a duality involving the sigma
model of instanton moduli spaces of U(1)N−1 quiver AN−1 gauge theories in 6 di-
mensions. It would be interesting to see if the same duality works for 6 dimensional
D and E (2, 0) theories as well, leading to a D and E quiver theory in six dimensions
whose instanton moduli space leads to a sigma model description of the (4, 0) theory
of these strings. This should be computable using [40] or instanton calculus [58].
The M2 branes wrapped on T 2 lead to a 1-dimensional theory. We have also
studied the partition function of M-strings from this viewpoint. In this context, the
domain walls become operators acting on the Hilbert space, where we view the one
dimension as time. In this way, the partition function of M-strings gets translated to
a computation in a quantum mechanical theory, where the Hilbert space is identified
with Young diagrams and the Hamiltonian is the number of boxes. It would be
interesting to better understand these domain wall theories [2]. In particular it
would be useful to further develop what these domain wall theories are and how they
couple to the ABJM theory [59].
The viewpoint of domain walls may have other applications. In particular ex-
ceptional strings (E-strings), which can be viewed [60, 61] as M2 branes stretched
between M5 branes and M9 branes (the boundary of the space) should admit a sim-
ilar decomposition, where we use two types of domain wall operators: one induced
by M5 branes which we have studied here, combined with another one induced from
M9 branes (see in particular [62]). It would be interesting to develop this picture.
We have seen how the elliptic genus of M-strings can be used to compute the
partition function of M5 branes on S1 × S5 and T 2 × S4. It would be interesting to
see if this can be extended to a stringy definition of the M5 brane theory. Can one
compute arbitrary M5 brane amplitudes using M-strings? We leave this question to
future research.
Acknowledgements
We would like to thank G. Bonelli, A. Gadde, S. Gukov, S. Hohenegger, K. Hori, D.
Jafferis, S. Katz, A. Klemm, M. Rocek, A. Tanzini, S. Vandoren and F. Yagi for valu-
able discussions. C.K. would also like to thank the Harvard University Theoretical
High Energy Physics/String Theory group for hospitality.
The work of B.H. is supported by DFG fellowship HA6096/1-1. A.I. was sup-
ported in part by a grant from the Higher Education Commission. C.K. was partly
– 60 –
supported by the INFN Research Project TV12. The work of G.L. is supported
in part by the Department of Energy Office of Science Graduate Fellowship Pro-
gram (DOE SCGF), made possible in part by the American Recovery and Reinvest-
ment Act of 2009, administered by ORISE-ORAU under contract no. DE-AC05-
06OR23100. The work of C.V. is supported in part by NSF grant PHY-0244821.
A Useful identities
The refined topological vertex can be written in different bases of the ring of sym-
metric functions. In this paper, we use the representation of [11] which is based on
the combinatorial interpretation of the vertex. Like the usual topological vertex, the
refined one is labeled by three Young diagrams and can be written in terms of skew
Schur functions sλ/η(x) and Macdonald polynomial Pν(t
−ρ; q, t) as
Cλµ ν(t, q) =
(q
t
)‖µ‖2
2
t
κ(µ)
2
−
‖νt‖2
2 q
‖ν‖2
2 Pν(t
−ρ; q, t)
×
∑
η
(q
t
) |η|+|λ|−|µ|
2
sλt/η(t
−ρ q−ν) sµ/η(t
−νt q−ρ) , (A.1)
where ρ is used for ρ = {−1
2
,−3
2
,−5
2
, · · · }. The Macdonald polynomial with the
special arguments appearing in the refined vertex can be expressed in terms of Young
diagrams
Pν(t
−ρ; q, t) = t
‖νt‖2
2 Z˜ν(t, q), (A.2)
where we have defined the following function
Z˜ν(t, q) =
∏
(i,j)∈ν
(
1− qνi−j tνtj−i+1
)−1
. (A.3)
In our computations, we have explicitly used the function Z˜ν(t, q). The refined vertex
has the following form in terms of it:
Cλµ ν(t, q) =
(q
t
) ‖µ‖2
2
t
κ(µ)
2 q
‖ν‖2
2 Z˜ν(t, q)
∑
η
(q
t
) |η|+|λ|−|µ|
2
sλt/η(t
−ρ q−ν) sµ/η(t
−νt q−ρ) .
(A.4)
We have made use of the following identities in our computations of the topo-
logical string partition functions
n(λ) ≡
ℓ(λ)∑
i=1
(i− 1)λi = 1
2
ℓ(λ)∑
i=1
λti(λ
t
i − 1) =
∑
(i,j)∈λ
(λtj − i) =
‖λt‖2
2
− |λ|
2
, (A.5)
n(λt) ≡
ℓ(λt)∑
i=1
(i− 1)λti =
1
2
ℓ(λt)∑
i=1
λi(λi − 1) =
∑
(i,j)∈λ
(λi − j) = ‖λ‖
2
2
− |λ|
2
, (A.6)
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with ℓ(λ) being the number of non-zero λi’s. We have also used ‖λ‖2 =
∑ℓ(λ)
i=1 λ
2
i .
The hook length h(i, j) and the content c(i, j) are defined as
h(i, j) = νi − j + νtj − i+ 1, c(i, j) = j − i , (A.7)
which satisfy ∑
(i,j)∈λ
h(i, j) = n(λt) + n(λ) + |λ|, (A.8)
∑
(i,j)∈λ
c(i, j) = n(λt)− n(λ) = 1
2
‖λ‖2 − 1
2
‖λt‖2 ≡ 1
2
κ(λ). (A.9)
We also have made use of the following identities∑
(i,j)∈ν
µtj =
∑
(i,j)∈µ
νtj [63] (A.10)∑
(i,j)∈ν
νtj = ‖νt‖2 (A.11)
The following sum rules are essential for vertex computations [64]∑
η
sη/λ(x)sη/µ(y) =
∞∏
i,j=1
(1− xiyj)−1
∑
τ
sµ/τ (x)sλ/τ (y) . (A.12)
∑
η
sηt/λ(x)sη/µ(y) =
∞∏
i,j=1
(1 + xiyj)
∑
τ
sµt/τ (x)sλt/τ t(y) . (A.13)
We have normalised the topological string amplitudes. Both the open and closed
amplitudes are infinite series in the Ka¨hler parameters (e.g Wνtmνm+1(Qτ , Qm, t, q)),
however, their ratio is finite (e.g. Dνtmνm+1(Qτ , Qm, t, q)) as a result of the following
identity
∞∏
i,j=1
1−Qqνi−jtµtj−i+1
1−Qq−jt−i+1 =
∏
(i,j)∈ν
(
1−Qqνi−jtµtj−i+1
) ∏
(i,j)∈µ
(
1−Qq−µi+j−1t−νtj+i
)
,
(A.14)
and its specializations
∞∏
i,j=1
1−Qtνtj−i+ 12 q−j+ 12
1−Qt−i+ 12 q−j+ 12 =
∏
(i,j)∈ν
(
1−Qq−j+ 12 ti− 12
)
, (A.15)
∞∏
i,j=1
1−Qqνi−j+ 12 t−i+ 12
1−Qq−j+ 12 t−i+ 12 =
∏
(i,j)∈ν
(
1−Qqj− 12 t−i+ 12
)
, (A.16)
∞∏
i,j=1
1−Qtνtj−i qνi−j+1
1−Qt−i q−j+1 =
∏
(i,j)∈ν
(1−Qtνtj−i qνi−j+1)(1−Qt−νtj+i−1 q−νi+j). (A.17)
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We have also written the partition functions in terms of the θ-functions. We follow the
following definitions in our computations. The (first) θ-function and the Dedekind
η-function are defined by
θ1(τ ; z) = −i e iπ τ4 eiπz
∞∏
k=1
[
(1− e2π i kτ )(1− e2π i kτ e2πi z)(1− e2π i (k−1)τ e−2πi z)
]
= −i e iπ τ4 (eiπz − e−iπz)
∞∏
k=1
[
(1− e2π i kτ)(1− e2π i kτ e2πi z)(1− e2π i kτ e−2πi z)
]
η(τ) = e
iπτ
12
∏
k=1
(
1− e2πi kτ
)
They satisfy the following modular transformations
θ1(τ + 1; z) = θ1(τ ; z) , θ1
(
−1
τ
;
z
τ
)
= −i(−iτ) 12 exp
(
iπz2
τ
)
θ1(τ ; z),(A.18)
η(τ + 1) = e
i π
12 η(τ) , η
(
−1
τ
)
=
√−iτ η(τ).
B Derivation of the building block Wνtmνm+1
In this appendix, we will represent the derivation of the topological string partition
function of the building blocks Wνtmνm+1(Qτ , Qm, t, q) that we used to compute the
partition function of the geometry engineering the N = 2∗ SU(N) theory. The
corresponding toric diagram is shown in Fig. 15. The partition function is in the
νm
νm+1
Figure 15: The building block of the SU(N) geometry. The dashes represent the
partial compactification of the resolved conifold.
following generic form when the refined topological vertex is used to compute it
G(x, y, w, z) ≡
∑
λ,µ,η1,η2
Q|λ|ρ|µ|sλ/η1(x)sλt/η2(y)sµt/η1(w)sµ/η2(z). (B.1)
We can perform the sums twice and show that G(x, y, w, z) satisfies the following
recursion relationship,
G(x, y, w, z) =
∏
i,j
(1 +Qxiyj)(1 + ρwizj)
(1−Qρxiwj)(1−Qρyizj)G(Qx, ρy, ρw,Qz). (B.2)
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Note that the argument in each four factors scale with Qρ,
xiyj 7→ (Qρ) xiyj (B.3)
wizj 7→ (Qρ)wizj
xiwj 7→ (Qρ) xiwj
yizj 7→ (Qρ) yizj
Following the conventions in the rest of the paper, we call Qτ = Qρ and write down
the nth iterative step,
G(x, y, w, z) =
n∏
k=1
∏
i,j
(1 +Qkτρ
−1 xiyj)(1 +Q
k−1
τ ρwizj)
(1−Qkτ xiwj)(1−Qkτ yizj)
G(Qnx, ρny, ρnw,Qnz).
(B.4)
Under the assumption that Qn, ρn → 0 as n → ∞ (this assumption is the same as
the one used by Macdonald [64] to prove the summation rules we are using), we need
to take the following limit,
lim
n→∞
G(Qnx, ρny, ρnw,Qnz). (B.5)
It is easy to show that
G(Qnx, ρny, ρnw,Qnz) =
∑
λ,µ,η1,η2
Q|λ|ρ|µ|sλ/η1(Q
n
τx)sλt/η2(y)sµt/η1(w)sµ/η2(Q
n
τ z).
(B.6)
The only surviving terms in the n→∞ limit are when λ = η1 and µ = η2. Therefore,
four sums reduces to two sums∑
η1,η2
Q|η1|ρ|η2|sηt1/η2(y)sηt2/η1(z). (B.7)
The only non-zero terms in these resulting sums are when ηt1 ≻ η2, and simultane-
ously, when ηt2 ≻ η1. These last two conditions require ηt1 = η2. A further reduction
of the sums to a single one occurs and we end up with the following sum which is
known how to perform to get an infinite product (notice it is proportional to the
Dedekind η-function ) ∑
η
Q|η|τ =
∞∏
k=1
(1−Qkτ )−1. (B.8)
All in all, G(x, y, w, z) can be written as the following triple infinite product
G(x, y, w, z) =
∞∏
k=1
(1−Qkτ )−1
∏
i,j
(1 +Qkτρ
−1 xiyj)(1 +Q
k−1
τ ρwizj)
(1−Qkτ xiwj)(1−Qkτ yizj)
. (B.9)
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Having performed all the sums and found a product formula we can now replace
x, y, w and z with what we have in the vertex computation
x = tρ−
1
2 qνm+1+
1
2 y = qρ−
1
2 tν
t
m+
1
2
w = tν
t
m+1qρ z = qνmtρ.
(B.10)
The building block therefore takes the following form
Wνtmνm+1(Qτ , Q, t, q) = t
−
‖νtm+1‖
2
2 q−
‖νm‖
2
2 Z˜νtm(q
−1, t−1)Z˜νm+1(t
−1, q−1)Q
−
|νm|+|νm+1|
2
m
×
∞∏
k=1
(
1−Qkτ
)−1 ∞∏
i,j=1
(
1−QkτQ−1m qνm+1,i−j+
1
2 tν
t
m,j−i+
1
2
)(
1−Qk−1τ Qm qνm,i−j+
1
2 tν
t
m+1,j−i+
1
2
)
(
1−Qkτ qνm+1,i−j+1tν
t
m+1,j−i
)(
1−Qkτ qνm,i−jtν
t
m,j−i+1
) .
(B.11)
C The SU(N) partition function in terms of θ-function
In this section, we want to collect few details of our computation how to express
the SU(N) partition function in terms of θ-functions. In the previous section of
the Appendix we demonstrated our derivation of the building blocks that we use
to compute the topological string partition function for the geometries engineering
SU(N) theories. Although the individual building blocks are modular only in the
unrefined case (after the non-holomorphic extension), the blocks are not modular
in the refined case. However, factors appearing in the neighbouring building blocks
combine in a very nice way into θ-functions. Let us look at the gluing along the mth
internal leg and collect all the infinite products including νm:
∞∏
k=1
∏
(i,j)∈νm
(1−QkτQ−1m qνm,i−j+
1
2 tν
t
m−1,j−i+
1
2 )(1−Qk−1τ Qm q−νm,i+j−
1
2 t−ν
t
m−1,j+i−
1
2 )
(1−Qkτ qνm,i−j+1tν
t
m,j−i)
I
(1−Qk−1τ q−νm,i+jt−ν
t
m,j+i−1)
II
×(1−Q
k
τQ
−1
m q
−νm,i+j−
1
2 t−ν
t
m+1,j+i−
1
2 )(1−Qk−1τ Qm qνm,i−j+
1
2 tν
t
m+1,j−i+
1
2 )
(1−Qkτ qνm,i−j tν
t
m,j−i+1)
II
(1−Qk−1τ q−νm,i+j−1 t−ν
t
m,j+i)
I
,
(C.1)
where we have written the factors including νm from Dνtm−1νm(τ,m, ǫ1, ǫ2) in the
first line and the ones from Dνtmνm+1(τ,m, ǫ1, ǫ2) in the second line. It is clear
from the above expression that the factors in the numerator originating from the
same block can be combined into θ-functions, however, only the underlined fac-
tors from the neighbouring blocks combine into θ-functions. The definition of the
θ1(τ ; z), in addition to the infinite products in the above expansion, includes the
factor −ieiπ τ/2eiπ z(1 − Qkτ ). We can multiply the numerator and denominator by
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the τ -dependent pieces without anything else needed, however, eiπ z requires a little
bit more attention. Let us separately treat the numerator and the denominator and
start with the easier one, the denominator: we will have the following factors∏
(i,j)∈νm
1
(qt)−
1
2 q−νm,i+jt−ν
t
m,j+i
= q
‖νm‖
2
2 t
‖νtm‖
2
2 (C.2)
where we have made use of Eq.(A.5) and Eq.(A.6). These factors will cancel against
the factors appearing in the definition ofDνtm−1νm(τ,m, ǫ1, ǫ2) andDνtmνm+1(τ,m, ǫ1, ǫ2).
In the numerator we end up with∏
(i,j)∈νm
Qm t
νtm+1,j−ν
t
m−1,j , (C.3)
where we take the product over the Young diagram νm of quantities which depend
on the neighbouring Young diagrams νm−1 and νm+1. We do not know the closed
form expressions for these products. However, we can use the Eq.(A.10) to show
that these factors all disappear if we consider the SU(N) as a whole.
After gluing all these blocks for the SU(N) theory we end up with the following
sum (we take ν0 = νN = ∅)
∑
(i,j)∈ν1
(−νt0,j + νt2,j) +
∑
(i,j)∈ν2
(−νt1,j + νt3,j) + . . .+
∑
(i,j)∈νN−1
(−νtN−2,j + νtN,j)
=
 ∑
(i,j)∈ν1
νt2,j −
∑
(i,j)∈ν2
νt1,j
 + . . .+
 ∑
(i,j)∈νN−2
νtN−1,j −
∑
(i,j)∈νN−1
νtN−2,j
 = 0
(C.4)
The partition function of the SU(N) theory can be those written only in terms of
θ-functions without any other factors.
D Spin content of SU(2) theory
In this section, we want to tabulate the spin content of the BPS states which we
have obtained by isolating curves in the topological string free energy for the SU(2)
theory, in other words we have determined NjL,jR(Σ) for some of the low degree
curves. Higher degree curves can in principle be computed as well with the increasing
need for computational power. The topological string free energy is the generating
function for the BPS states and is a positive power expansion in the homology classes
M , B and F ′. One interesting property of the SU(2) partition function is invariance
under the following transformation:
(M,B, F ′) 7→ (−M,B, F ′) . (D.1)
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F’
M
B
Figure 16: The toric diagram for N = 2∗ SU(2) theory with the curve classes
labeled by M , B and F ′, after mass, base and fiber.
This transformation is nothing but realisation of flop transition on the curve in the
class M . Since the geometry is the same after flop transition (toric diagram is shown
in Fig. 17) the partition function is expected to be invariant. It is easy to see from the
Eq.(3.8) that the partition function is indeed invariant under transformation given
in Eq.(D.1). Flop transition can also be carried out with respect to the curve with
parameter E −M .
flop
Figure 17: Toric diagram of SU(2) geometry.
The invariance under Eq.(D.1) implies that the spin content of the curve k F ′ +
nB + rM is the same as that of k F ′ + nB + (2k + 2n − r)M . This also implies
that curves for which r > 2k+ 2n are not holomorphic and do not contribute. Thus
for a given k and n the curves which contribute are,
kF ′ + nB + rM , r = 0, . . . , 2(k + n) . (D.2)
If we change the basis of the second homology of our target space the symmetries
and properties of the BPS content becomes more manifest. Therefore we will use the
basis when we represent
F = F ′ +M (D.3)
E = B +M (D.4)
referring to fiber and elliptic curves, respectively. In our computations we denoted
the corresponding Ka¨hler parameters for F with Qf , for E with Qτ and for M with
Qm. In this new basis only the following curves will contribute,
kF + nE + rM , r = −(k + n), . . . , (k + n) . (D.5)
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As shown below, for k = 1, n = 0 we will only have F −M , F and F +M , and for
k = n = 1 we will only have F +E−2M,F +E−M,F +E, F +E+M,F +E+2M .
Another interesting observation based on the BPS content we computed is that the
state corresponding to the curve C are included in C + nE for any positive n:
HC ⊂ HC+nE (D.6)
In the (F,E,M) basis the consequence of flop invariance is that the spin content is
the same for all curves belonging to the same orbit of the group G = Z2 × Z2. The
action of its generators on the collection of curves {fF + eE +mM} is given by
r : (f, e,m)→ (f, e,−m) (flop transition on curve in class M)
s : (f, e,m)→ (f, f + e +m,−2f −m) (flop transition on curve in class E −M).
It is straightforward to check that r2 = s2 = id and that the stabilizer of a generic
curve is trivial, the only exceptions being curves in class (f, e, 0) and (f, e,−f), which
are respectively fixed points under the action of r and s.
– 68 –
F −M (0, 0)
F (0,1/2)
F +M (0, 0)
F + E − 2M (0, 1/2)
F + E −M (0, 1)⊕ (1/2, 1/2)⊕ (0, 0)
F + E (1/2, 1)⊕ (1/2, 0)⊕ 2(0, 1/2)
F + E +M (0, 1)⊕ (1/2, 1/2)⊕ (0, 0)
F + E + 2M (0, 1/2)
F + 2E − 3M (0, 0)
F + 2E − 2M (1/2, 1)⊕ (1/2, 0)⊕ 2(0, 1/2)
F + 2E −M (1/2, 3/2)⊕ (1, 1)⊕ 2(0, 1)⊕ 3(1/2, 1/2)⊕ 4(0, 0)
F + 2E (1, 3/2)⊕ (1, 1/2)⊕ 3(1/2, 1)⊕ (0, 3/2)⊕ 3(1/2, 0)⊕ 5(0, 1/2)
F + 2E +M (1/2, 3/2)⊕ (1, 1)⊕ 2(0, 1)⊕ 3(1/2, 1/2)⊕ 4(0, 0)
F + 2E + 2M (1/2, 1)⊕ (1/2, 0)⊕ 2(0, 1/2)
F + 2E + 3M (0, 0)
F + 3E − 3M (0, 1)⊕ (1/2, 1/2)⊕ (0, 0)
F + 3E − 2M (1, 3/2)⊕ (1, 1/2)⊕ 3(1/2, 1)⊕ (0, 3/2)⊕ 3(1/2, 0)⊕ 5(0, 1/2)
F + 3E −M (1, 2) ⊕ (3/2, 3/2) ⊕ 3(1/2, 3/2) ⊕ 3(1, 1) ⊕ 2(1, 0) ⊕ 7(0, 1) ⊕
9(1/2, 1/2)⊕ 7(0, 0)
F + 3E (3/2, 2)⊕ (3/2, 1)⊕ 3(1, 3/2)⊕ (1/2, 2)⊕ 4(1, 1/2)⊕ 9(1/2, 1)⊕
3(0, 3/2)⊕ 8(1/2, 0)⊕ 12(0, 1/2)
F + 3E +M (1, 2) ⊕ (3/2, 3/2) ⊕ 3(1/2, 3/2) ⊕ 3(1, 1) ⊕ 2(1, 0) ⊕ 7(0, 1) ⊕
9(1/2, 1/2)⊕ 7(0, 0)
F + 3E + 2M (1, 3/2)⊕ (1, 1/2)⊕ 3(1/2, 1)⊕ (0, 3/2)⊕ 3(1/2, 0)⊕ 5(0, 1/2)
F + 3E + 3M (0, 1)⊕ (1/2, 1/2)⊕ (0, 0)
2F + E − 2M (0, 3/2)
2F + E −M (1/2, 3/2)⊕ (0, 2)⊕ (0, 1)
2F + E (1/2, 2)⊕ (1/2, 1)⊕ 2(0, 3/2)
2F + E +M (1/2, 3/2)⊕ (0, 2)⊕ (0, 1)
2F + E + 2M (0, 3/2)
2F + 2E − 3M (1/2, 3/2)⊕ (0, 2)⊕ (0, 1)
2F + 2E − 2M (1, 5/2)⊕ (1, 3/2)⊕ 3(1/2, 2)⊕ (0, 5/2)⊕ 3(1/2, 1)⊕ 4(0, 3/2)⊕
2(0, 1/2)
2F + 2E −M (3/2, 5/2)⊕ (1, 3)⊕3(1, 2)⊕3(1/2, 5/2)⊕8(1/2, 3/2)⊕6(0, 2)⊕
2(1, 1)⊕ 7(0, 1)⊕ 3(1/2, 1/2)⊕ (0, 0)
2F + 2E (3/2, 3)⊕ (3/2, 2)⊕ 3(1, 5/2)⊕ (1/2, 3)⊕ 4(1, 3/2)⊕ 8(1/2, 2)⊕
3(0, 5/2)⊕ (1, 1/2)⊕ 8(1/2, 1)⊕ 10(0, 3/2)⊕ (1/2)⊕ 5(0, 1/2)
2F + 2E +M (3/2, 5/2)⊕ (1, 3)⊕3(1, 2)⊕3(1/2, 5/2)⊕8(1/2, 3/2)⊕6(0, 2)⊕
2(1, 1)⊕ 7(0, 1)⊕ 3(1/2, 1/2)⊕ (0, 0)
2F + 2E + 2M (1, 5/2)⊕ (1, 3/2)⊕ 3(1/2, 2)⊕ (0, 5/2)⊕ 3(1/2, 1)⊕ 4(0, 3/2)⊕
2(0, 1/2)
2F + 2E + 3M (1/2, 3/2)⊕ (0, 2)⊕ (0, 1)
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2F + 3E − 4M (1/2, 2)⊕ (1/2, 1)⊕ 2(0, 3/2)
2F + 3E − 3M (3/2, 5/2)⊕ (1, 3)⊕3(1, 2)⊕3(1/2, 5/2)⊕8(1/2, 3/2)⊕6(0, 2)⊕
2(1, 1)⊕ 7(0, 1)⊕ 3(1/2, 1/2)⊕ (0, 0)
2F + 3E − 2M (2, 7/2)⊕ (2, 5/2)⊕3(3/2, 3)⊕ (1, 7/2)⊕4(3/2, 2)⊕10(1, 5/2)⊕
4(1/2, 3)⊕(3/2, 1)⊕12(1, 3/2)⊕20(1/2, 2)⊕7(0, 5/2)⊕5(1, 1/2)⊕
20(1/2, 1)⊕ 24(0, 3/2)⊕ 4(1/2, 0)⊕ 11(0, 1/2)
2F + 3E −M (5/2, 7/2) ⊕ (2, 4) ⊕ 3(2, 3) ⊕ 3(3/2, 7/2) ⊕ 11(3/2, 5/2) ⊕
11(1, 3)⊕2(1/2, 7/2)⊕2(2, 2)⊕26(1, 2)⊕23(1/2, 5/2)⊕4(0, 3)⊕
7(3/2, 3/2) ⊕ 2(3/2, 1/2) ⊕ 46(1/2, 3/2) ⊕ 31(0, 2) ⊕ 19(1, 1) ⊕
4(1, 0)⊕ 36(0, 1)⊕ 23(1/2, 1/2)⊕ 9(0, 0)
2F + 3E (5/2, 4)⊕ (5/2, 3)⊕3(2, 7/2)⊕ (3/2, 4)⊕4(2, 5/2)⊕10(3/2, 3)⊕
4(1, 7/2) ⊕ (2, 3/2) ⊕ 14(3/2, 2) ⊕ 26(1, 5/2) ⊕ 12(1/2, 3) ⊕
(0, 7/2)⊕6(3/2, 1)⊕31(1, 3/2)⊕48(1/2, 2)⊕18(0, 5/2)⊕(3/2, 0)⊕
14(1, 1/2)⊕ 48(1/2, 1)⊕ 50(0, 3/2)⊕ 12(1/2, 0)⊕ 26(0, 1/2)
2F + 3E +M (5/2, 7/2) ⊕ (2, 4) ⊕ 3(2, 3) ⊕ 3(3/2, 7/2) ⊕ 11(3/2, 5/2) ⊕
11(1, 3)⊕2(1/2, 7/2)⊕2(2, 2)⊕26(1, 2)⊕23(1/2, 5/2)⊕4(0, 3)⊕
7(3/2, 3/2) ⊕ 2(3/2, 1/2) ⊕ 46(1/2, 3/2) ⊕ 31(0, 2) ⊕ 19(1, 1) ⊕
4(1, 0)⊕ 36(0, 1)⊕ 23(1/2, 1/2)⊕ 9(0, 0)
2F + 3E + 2M (2, 7/2)⊕ (2, 5/2)⊕3(3/2, 3)⊕ (1, 7/2)⊕4(3/2, 2)⊕10(1, 5/2)⊕
4(1/2, 3)⊕(3/2, 1)⊕12(1, 3/2)⊕20(1/2, 2)⊕7(0, 5/2)⊕5(1, 1/2)⊕
20(1/2, 1)⊕ 24(0, 3/2)⊕ 4(1/2, 0)⊕ 11(0, 1/2)
2F + 3E + 3M (3/2, 5/2)⊕ (1, 3)⊕3(1, 2)⊕3(1/2, 5/2)⊕8(1/2, 3/2)⊕6(0, 2)⊕
2(1, 1)⊕ 7(0, 1)⊕ 3(1/2, 1/2)⊕ (0, 0)
2F + 3E + 4M (1/2, 2)⊕ (1/2, 1)⊕ 2(0, 3/2)
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